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Abstract

Is the current fragmented structure of the U.S. Treasury secondary market, in which cen-
tralized and decentralized venues coexist, optimal? This paper develops a venue-choice model
to study allocative efficiency under current and alternative market structures as aggregate risk
varies. Venues differ in their pricing and matching mechanisms, and agents sort across venues
based on the tradeoff between execution certainty and transaction costs. When aggregate risk
is low, gains from trade are primarily realized through trading in the centralized venue, the
central limit order book, which mitigates inefficiencies associated with search frictions in the
decentralized over-the-counter venue. However, as aggregate risk increases, adverse selec-
tion intensifies for limit orders, discouraging limit-order submission and reducing order book
depth, while agents substitute toward decentralized over-the-counter trading and recover gains
from trade that would otherwise be lost. Quantifying the model using transaction-level U.S.
Treasury data, this paper finds that the current hybrid market structure achieves 87 percent of
the first-best allocation, outperforming both over-the-counter-only and fully centralized market

structures. These findings rationalize the current fragmented market.
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1 Introduction

In modern financial markets, many assets trade through multiple trading mechanisms, raising con-
cerns about the inefficiencies associated with such market fragmentation and generating consider-
able academic and policy debate over the optimal organization. A prominent example is govern-
ment bonds, which can be traded through a centralized trading venue, the central limit order book
(CLOB), as well as through decentralized over-the-counter (OTC) trading. This form of fragmen-
tation is common across jurisdictions, including the United States, Europe, and China. This paper
uses the U.S. Treasury secondary market as a setting to investigate this market-design concern. Is
this fragmented market structure allocatively efficient? Today, the U.S. Treasury secondary market
has about $1 trillion in daily trading volume, so even small improvements in market design can
generate substantial welfare gains in dollar terms. Thus, if the current fragmented structure is not
allocatively efficient, appropriate regulatory measures are worth considering. Conversely, if the
current fragmented structure is allocatively efficient, why fragmentation arises and why the coex-
istence of centralized and decentralized trading constitutes an optimal market design deserve an
economic explanation.

To answer the research question, I develop a venue-choice model in a competitive environment
featuring heterogeneous agents and aggregate risk. The model formalizes the trading mechanism
of each venue and explains how agents choose among venues. The model is populated by a con-
tinuum of heterogeneous agents who differ in their preferences for Treasury bonds. Aggregate risk
i1s modeled as a common preference shock that shifts all agents’ preferences by the same amount.
In the model, the trading mechanisms of the two venues differ along two dimensions: the intensive
margin, pricing, and the extensive margin, matching. In the central limit order book, limit orders
are submitted first, quoting bid or ask prices on a discrete price grid determined by the tick size.
These limit orders then rest on the book as standing commitments to trade at the quoted prices.
Later, market orders arrive and execute immediately against these standing limit orders at the best
available quotes. Thus, matching is centralized and governed solely by price priority. In contrast,
in the decentralized over-the-counter venue, each agent randomly searches for a counterparty and,
once they meet, trade occurs only if there are gains from trade between them, and transaction prices
are determined through bilateral Nash bargaining. The centralized venue competes with the decen-
tralized venue for agent participation.

The theoretical solution of the model exhibits endogenous venue sorting and consequently en-
dogenous market fragmentation. The equilibrium sorting is determined by the speed—cost trade-oft.
Agents with high urgency to trade sort into the centralized venue, which offers greater execution
certainty despite higher trading costs. In contrast, agents with low urgency to trade sort into the de-
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to trade submit market orders, while those with intermediate urgency to trade provide liquidity by
submitting limit orders. However, as aggregate risk increases, fewer agents choose to submit limit
orders due to the adverse-selection concern — the possibility that aggregate shocks move the as-
set’s common value against standing limit orders, rendering their quotes stale and exposing them
to being picked off by other agents using market orders, thereby creating a winner’s curse.

This equilibrium venue-sorting pattern has theoretical implications for how allocative efficiency
varies with aggregate risk. Allocative efficiency is defined as the fraction of the first-best (maximal
attainable) gains from trade that is realized through trading in the venues. When aggregate risk
is low, gains from trade are primarily realized through the centralized venue, as agents with high
urgency to trade endogenously select into this venue and trade directly through it, thereby avoiding
the inefficiency arising from search frictions associated with decentralized over-the-counter trading
that would otherwise occur in the absence of the centralized venue. However, the ability of the
centralized venue to realize these gains from trade depends on order book depth, i.e., the mass
of limit orders. As aggregate risk increases, adverse selection discourages limit-order submission
and reduces order book depth, limiting the volume of trade and thus the gains from trade realized
through the centralized venue. In extreme cases, sufficiently high aggregate risk can cause the
order book to become empty, preventing any trading through the centralized venue. In contrast, the
over-the-counter venue allows agents to continue trading outside the order book, recovering gains
from trade that would otherwise be lost in a purely centralized market due to a thin or empty order
book under high aggregate risk. Over-the-counter trading thus sustains gains from trade in a high
aggregate-risk market environment.

Building on these theoretical results, the quantitative analysis answers the research question and
provides implications for market design aimed at maximizing allocative efficiency. First, in terms of
allocative efficiency, the coexistence of centralized and decentralized trading venues constitutes the
optimal market structure. This benchmark hybrid market structure achieves 87 percent of the first-
best allocation, outperforming alternative market structures, including a fully centralized market.
Second, the current tick size may be too large given the observed level of aggregate risk in the U.S.
Treasury secondary market, and the model provides an estimate of the optimal tick size. That said,
because aggregate risk varies over time, the optimal tick size also varies over time, making it difficult
for a fixed tick size to remain optimal under all market conditions, regardless of whether the tick
size is currently misspecified or correctly specified. The coexistence of the over-the-counter venue
mitigates the inefliciencies arising from this inherent imperfection in the design of the central limit
order book. The quantitative findings, together with the aforementioned theoretical implications
for allocative efficiency, rationalize and support maintaining a fragmented market.

This paper uses transaction-level data from the U.S. Treasury secondary market in Septem-
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book platform operated by the Chicago Mercantile Exchange (CME), and the Trade Reporting and
Compliance Engine (TRACE) transaction data. My empirical analysis focuses on the interdealer
segment of the market, because both over-the-counter and central limit order book transactions are
observed and dealers actively choose between the two venues. The merged dataset contains all
on-the-run U.S. Treasury nominal coupon securities.

The setup of the venue-choice model is motivated by several stylized facts in the data. First, I
document that the majority of interdealer over-the-counter transaction prices fall between the best
bid and best ask quoted on the order book at the same second, suggesting that traders take transaction
costs into account when choosing a venue. Second, cross-venue substitution patterns in the data
suggest that execution certainty is another important determinant of venue choice. I document that,
relative to non-banks, banks substitute away from over-the-counter trading toward the central limit
order book, in particular market orders, as the end-of-day capital assessment approaches, in pursuit
of execution certainty (speedy trade). Third, aggregate risk is quantitatively payoff-relevant at the
trading horizon. On average, I observe four episodes per day in which the price of the 10-year U.S.
Treasury moves monotonically by more than 10 basis points' within an interval shorter than two
minutes, the average time that a limit order waits in the order book before execution.

These stylized facts motivate a model that incorporates both the pricing (transaction-cost) and
matching (execution-probability) mechanisms of each venue in an environment with aggregate risk.
Specifically, because a limit order represents a standing commitment to trade at a firm quote, new
information may arrive before execution and induce all agents to revalue the asset, rendering the
quote stale. Consequently, the ex post payoff from trading using a limit order depends on the aggre-
gate shocks that arrive between limit-order submission and execution. Aggregate risk is therefore
payoff-relevant and affects venue choice because different trading venues expose agents to this form
of risk to different degrees. To capture this idea, the model features a sequential setup in which limit
orders are submitted first, the aggregate state is subsequently realized, and then market orders are
submitted and immediately executed against the existing limit orders. Over-the-counter trading
takes place in the final stage because execution through this venue is slower than through the cen-
tral limit order book, and also for tractability. Modeling the arrival of an aggregate shock between
the limit-order stage and the market-order stage also mechanically generates fluctuations in venue
participation across aggregate states, a pattern that is also empirically relevant.

The equilibrium outcomes of the model, including venue market shares, the bid—ask spread,

The 10 bp threshold is heuristic but is intended to capture economically meaningful price movements. A substan-
tially smaller threshold, such as 1 bp, would include bid—ask bounces since the CLOB tick size for the 10-year U.S.
Treasury is 1.5625 bp, whereas a substantially larger threshold, such as 100 bp, would exclude most relevant market
events. As a reference, consider the Federal Open Market Committee announcement on September 21, 2022. Imme-
diately following the announcement of a 75 bp increase in the rate, the price of the 10-year U.S. Treasury declined by
approximately 40 bp. This reference suggests that a 10 bp threshold is of the appropriate order of magnitude.



over-the-counter price dispersion, order-flow patterns, and limit-order fill rates, are broadly con-
sistent with the data under reasonable parameter values. Specifically, the model implies that the
majority of trading is executed through the central limit order book, with the over-the-counter venue
serving as an outside option, consistent with the empirical evidence. The model also predicts that
the bid—ask spread binds at one tick, in line with the empirical fact that the bid—ask spread equals
one tick for the vast majority of the trading day. In addition, the model implies that many over-
the-counter transactions occur at prices between the best bid and the best ask, a pattern that is also
observed in the data. Importantly, the model highlights the quantity margin as the channel through
which the market incorporates aggregate risk ex ante and absorbs aggregate shocks ex post: ex ante
limit-order mass decreases with the level of risk, while ex post market-order flow becomes one-
sided. This theoretical prediction is observed in the data around scheduled announcement events.
This prediction that limit-order mass decreases in a high-risk environment is also empirically rel-
evant during COVID-19 crisis period (Duffie (2025)).> The model also predicts low limit-order
execution rates, with a majority of limit orders remaining unfilled and failing to trade. This pattern
is also observed in the data, although the empirical fraction of unfilled limit orders is even larger.

I estimate the model parameters by minimizing the distance between the model-implied and em-
pirical moments and evaluate and use the model through counterfactual analyses. I select moments
that are informative about venue choice, pricing, and matching, including venue market shares,
price dispersion, price skewness, and the asymmetry of limit-order-book depth. I conduct numeri-
cal comparative statics to shed light on parameter identification. I then conduct a quasi-experimental
event study exploiting a change in tick size to examine its effects on market liquidity and assess the
model’s predictions. Specifically, on November 19, 2018, BrokerTec reduced the tick size for the
2-year U.S. Treasury by half, after which CLOB trading volume increased by 30%. The model
predicts an increase of 14.16%, which has the same sign though a smaller magnitude. Importantly,
I use the model to compute allocative efficiency under two counterfactual market structures: a
fully centralized, CLOB-only market and a fully decentralized, OTC-only market. I implement the
CLOB-only counterfactual by setting the OTC search parameter to its polar value of zero, thereby
shutting down the OTC venue, and implement the OTC-only counterfactual by removing the CLOB
trading from the model. Both counterfactual market structures yield lower allocative efficiency than
the current hybrid structure.

Rather than fully centralizing the market, this paper points to two alternative policy tools that
can improve allocative efficiency while preserving the current hybrid structure of the U.S. Treasury
secondary market, one for normal times and the other for periods of market stress. First, to support

market functioning during normal times, policymakers can optimize the tick size. Second, to sustain

2 As documented by Duffie (2022) (Figure 5.8), Duffie (2025), during the COVID-19 crisis, “dealer-to-dealer mar-
ket depth (measured using BrokerTec CLOB 10-year Treasury data) worsened by a factor of more than ten”.
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market functioning during periods of market stress, the Federal Reserve can intervene through direct
asset purchases, as it did during the COVID-19 crisis. These two policy tools follow directly from
the implications of the model’s theoretical results for allocative efficiency. During normal times,
i.e., when aggregate risk is zero or sufficiently small, an appropriately designed tick size would allow
the market itself to achieve high allocative efficiency, reducing the need for more radical mandates,
such as full centralization. However, when aggregate risk is high, allocative efficiency deteriorates
substantially even with both venues operating, as the mass of limit orders becomes very small,
as predicted by the theory, and search frictions in the over-the-counter venue presumably increase
as well. Together, these two forces substantially reduce successful trade executions and the gains
from trade realized. In this case, direct market intervention may be necessary, such as Fed asset
purchases. Ex post Fed asset purchases can improve allocative efficiency by turning otherwise
unsuccessful selling attempts into successful trade executions, thereby correcting the large-scale
ex post misallocation arising from widespread failures of trade execution, i.e., a market failure
(“market freeze”). This market-design-based rationale may be relevant to the COVID-19 crisis,
although many other considerations also motivated the Fed’s asset purchase program during this
dash-to-cash episode.

To conclude, although this paper uses data from the U.S. Treasury secondary market, its insights
may extend beyond this setting, such as to other asset markets or even beyond. In fact, benchmark
government bond markets in the Euro area, UK, and China also exhibit a similar fragmented market
structure, with a central limit order book (CLOB) coexisting alongside an over-the-counter (OTC)
venue. Since the quantitative results may depend on market-specific institutional features and there-
fore should be extrapolated with caution, I summarize three theoretical insights into market design
that may be applicable across countries and discuss their practical relevance.

First, the centralized matching directs assets from owners to non-owners who participate in the
venue, thereby mitigating the inefficiency associated with search frictions and random matching in
the over-the-counter venue. In practice, centralized venue aggregates and consolidates order infor-
mation from a wide range of market participants into a common matching engine, thereby allowing
the venue to reallocate assets across a very large population and direct them to those who value
them most. This is fundamentally different from decentralized over-the-counter trading, even un-
der modern electronic request-for-quote arrangements, where transactions are typically conducted
within small groups or between pairs of traders rather than among a very broad set of market par-
ticipants. Inefficiency instead arises primarily from rationing, that is, from an imbalance between
the masses of limit and market orders that prevents some trades from being executed. The model
shows that the only environment in which neither limit orders nor market orders are rationed is one
with a zero tick size and no aggregate risk, which also coincides with the Walrasian equilibrium.

However, such conditions are unlikely to hold at all times in practice.



Second, rather than focusing on private information, this paper builds on the existing insight
that common-value risk can microfound the adverse-selection problem faced by limit orders, ow-
ing to the sequential trading structure and firm quotation system of the central limit order book, and
further recognizes that flexible price negotiation in the over-the-counter venue immunizes against
this problem. To illustrate, consider a case in which negative news arrives. In the model, excess
sell market orders will follow the negative news (‘“selling pressure”), increasing the likelihood that
buy limit orders are executed, relative to the case in which positive news arrives. As a result, limit-
order execution is adversely selected. That is, in this example, the common value moves against
buy limit-order traders: they purchase the asset at a quote based on stale information that reflects
an erroneously high common value and subsequently hold the asset when it becomes less valu-
able. This is reminiscent of the winner’s curse in common-value auctions studied by Milgrom and
Weber (1982).% Over-the-counter trading avoids this adverse selection because counterparties ne-
gotiate using symmetric information. For example, in practice, an agreement to trade is reached
simultaneously through a phone call, rather than through an asynchronous trading process that me-
chanically makes the quoting party (limit-order trader), who moves first, less informed than the
executing party (market-order trader), who moves second, thus creating asymmetric information
and adverse selection. This common-value channel of adverse selection may be particularly rele-
vant for government bond secondary markets, where public macroeconomic and monetary news is
important for asset prices.

Third, the model suggests two possible explanations for why in some fixed-income markets an
exchange-style central limit order book technology is available yet remains inactive in equilibrium,
with all trades occurring instead over-the-counter. This phenomenon has remained puzzling in
the literature, as discussed in Hugonnier, Lester, and Weill (2025) Chapter 12. In this model,
the first explanation is a market-design problem, whereby the tick size is mis-specified, and the
second is an asset-specific characteristic, whereby aggregate risk is sufficiently large. These two
explanations are also interrelated, since the optimal tick size is endogenous to the level of aggregate
risk. Furthermore, the model suggests that, in the absence of aggregate risk, a large tick size acts
only as a wedge that distorts prices away from the efficient price and thus distorts the allocation.
However, in the presence of aggregate risk, a large tick size also acts as an incentive device that
discourages informed market orders, mitigates the adverse-selection problem faced by limit-order
traders, and thereby encourages limit-order submission, allowing book depth to recover toward its
no-risk level and increasing the amount of trade that can be realized through the central limit order
book. The optimal tick size thus balances ex post distortion against ex ante incentives.

The results should, however, be interpreted in light of several limitations. First, the trading

3In common-value auctions, winning is itself informative, and the value of the asset must therefore be evaluated
conditional on winning. Here, the execution of a limit order plays the analogous role of winning in an auction.
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mechanisms considered here may represent only a subset of those used in practice, and the impli-
cations for allocative efficiency may change when additional mechanisms coexist. Second, even
within the two venues studied here, several potentially important features are abstracted from, in-
cluding time priority in limit order book matching and the role of order size. Centralization versus
decentralization is a long-standing question in the organization of industries, and the increasing

availability of detailed data may allow future research to study this question in greater depth.

Related Literature

This paper builds on previous theoretical work on venue choice between centralized and decentral-
ized markets but differs in at least one of the following two aspects (e.g., Liu, Vogel, and Zhang
(2018), Glode and Opp (2020), Colliard, Foucault, and Hoffmann (2021), Dugast, Uslii, and Weill
(2022), Lee and Wang (2025), Yoon (2026)). First, the centralized market is not modeled as a fric-
tionless market in which a unique price clears the market,* but instead as the trading mechanism that
operates in practice: the central limit order book. This distinction is crucial for carefully answer-
ing counterfactual questions such as full centralization and is also necessary to match the granular
transaction-level data.” Modeling frictions in the centralized market is also theoretically exciting
because it now allows one to study how the inefficiencies in each market interact. Second, within
the central limit order book, the choice between limit orders and market orders is endogenous,
in addition to the choice between centralized and decentralized markets. Endogenizing liquidity
provision (i.e., agents choose to submit limit orders) is relevant for theoretically studying market
liquidity and (dys)functioning, especially in environments with high aggregate risk. Empirical ev-
idence also suggests that traders actively choose between these two order types, and in modern
CLOBs, no trader is forced to quote (i.e., no trader is exogenously assigned to be a market maker
who must submit quotes).

Accordingly, this paper is grounded in the market microstructure literature and seeks to bridge
these two strands of the literature: over-the-counter and limit order book. On the over-the-counter
side, this paper draws on Duffie, Garleanu, and Pedersen (2005), Weill (2020), and Hugonnier,
Lester, and Weill (2025) for the heterogeneous-agent setup and random matching. On the limit
order book side, I draw on and combine two ideas. The first comes from Foucault (1999), whose
setup features a common value of the asset that can change over time and thus generates pick-off
risk (i.e., adverse selection) for limit orders whose quotes are fixed over time. In his setting, this

creates a winner’s curse problem for limit-order traders because limit orders are more likely to be

4There are several variations of this approach, such as demand schedules or a Walrasian market. However, these
variations in previous works share the same structure in which a unique frictionless price clears the centralized market,
which is not the case in practice.

SFor example, whether the trade is executed at the ask price or the bid price.
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executed at a loss when their quotes become mispriced.® This is also an equilibrium result in my
setting. The second idea comes from Dugast, Marta, and Riva (2026), which emphasizes the impact
of the quantity margin, i.e., the mass of limit orders, on inefficiency. This is also a focus of this
paper, and I similarly view the tick size as a design parameter that affects the depth of the book.
When the model combines these two ideas, the interpretation of the tick size as a design parameter
can be further framed as an ex ante incentive device for addressing the adverse-selection risk faced
by limit-order traders due to informed market orders.

Once venue choice is modeled, the framework developed in this paper speaks to market frag-
mentation and its welfare implications, such as Chen and Duffie (2021) and Babus and Parlatore
(2022). This paper differs from these works in that they study fragmentation within a single trading-
mechanism arrangement,’ rather than fragmentation across distinct trading mechanisms. A very
large reduced-form finance literature® studying trading-mechanism choice and the effects of trad-
ing mechanisms on bond-market outcomes motivates a structural treatment of this topic, which
appears to be underexplored in the literature.

The welfare implications contribute to the recent IO literature on financial markets (e.g., Bran-
caccio, Li, and Schiirhoff (2017), Allen and Wittwer (2023), Brancaccio and Kang (2025), Wittwer
and Allen (2026)) by incorporating aggregate risk into the environment. This allows one to study
how allocative efficiency varies across aggregate market conditions, which speaks to market re-
silience, i.e., market (dys)function when aggregate risk is high. In this way, it speaks to the ongoing
debate over the effective design of the U.S. Treasury secondary market for ensuring the resilience
of this global safe asset, a concern raised by previous episodes of market stress (Duffie (2023),
Duffie (2025)). In this paper, I show that the central limit order book can become dysfunctional
when aggregate risk is high, suggesting that fully centralizing over-the-counter trading may not be
a robust reform approach. This directly responds to the open question left by Allen and Wittwer
(2023), where the authors argue that studying a market organized through a central limit order book
is the next step toward understanding the effects of full centralization.

Another technique that this paper draws from the I0-spatial literature is the use of a matching
function to study search frictions (e.g., Buchholz (2022), Brancaccio, Kalouptsidi, et al. (2023)).
This approach is used not only for tractability when combining two marketplaces, but also because,
with a matching function, one can immediately see that the total amount of trade, and thereby the
gains from trade, realized through the centralized venue is capped by the total mass of limit orders
submitted to the book. Therefore, the matching-function approach provides a straightforward way

to introduce the aforementioned focus on the quantity margin into the equilibrium and study its

OThis pick-off idea is similar to the stale-quote sniping described in Budish, Cramton, and Shim (2015).

"That is, exchange trading across multiple exchange platforms, or dealer-intermediated over-the-counter trading
with a varying number of active dealers

8Please see Footnote 2 of Allen and Wittwer (2023) for a short list of papers using reduced-form approaches.



impact on allocative efficiency.

Finally, this paper also builds on the empirical literature on U.S. Treasury market liquidity in two
ways. First, building on previous empirical work using BrokerTec limit order book data (e.g., M.
Fleming, Nguyen, and Ruela (2024), Adrian, M. Fleming, and Nikolaou (2025)), I further combine
this dataset with TRACE data to provide a more granular picture of the liquidity landscape of
the U.S. Treasury secondary market. Second, because the equilibrium here features thin order
book depth in high-risk environments, this paper also rationalizes some empirical facts related to
dysfunction in the U.S. Treasury market during the COVID-19 crisis, as documented by Duffie,
M. J. Fleming, et al. (2023), Duffie (2025), and references therein.

2 Data and Motivating Facts

2.1 Data

This paper uses transaction-level data from the U.S. Treasury secondary market in September 2022.
I merge two datasets: the full order book data from BrokerTec, a central limit order book (CLOB)
platform operated by the Chicago Mercantile Exchange (CME),” and transaction-level data from
the Trade Reporting and Compliance Engine (TRACE). The merged dataset covers all on-the-run
nominal U.S. Treasury securities across the 2-, 3-, 5-, 7-, 10-, 20-, and 30-year maturities. For
reference, the yield to maturity of the on-the-run 10-year U.S. Treasury averaged approximately
3.5-3.7% during September 2022, and a 10 basis point change in its transaction price corresponded
to approximately a 1.3 basis point change in yield.

The empirical analysis focuses on the ATS & Interdealer segment of the market,' where both
over-the-counter and central limit order book transactions are observed and traders actively choose
between the two venues. By contrast, the data indicate that customers rarely, if ever, transact through
the central limit order book, instead trading almost exclusively with dealers over-the-counter. Given
the paper’s theoretical focus on endogenous venue choice, I restrict the analysis to the ATS &
Interdealer segment, where the data suggest that traders face no apparent barriers to accessing the
CLOB and can therefore endogenously choose between venues. I leave the dealer-to-customer
segment and the absence of central limit order book trading in that segment for future research.

I construct the empirical sample as follows. First, I identify all direct transactions in TRACE
that are not executed through an alternative trading system (ATS, including the BrokerTec CLOB)
and classify them as over-the-counter transactions. Second, I combine these observations with the

BrokerTec refers to its electronic trading platform as the central limit order book (CLOB). For additional infor-
mation, see https://www.cmegroup.com/markets/brokertec/brokertec-clob.html.

10See https://www.finra.org/finra-data/browse-catalog/about-treasury for the definitions of the ATS & Interdealer
and Dealer-to-Customer segments.
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BrokerTec full order book data, which identifies transactions executed through the central limit
order book. The BrokerTec CLOB accounts for only approximately 60% of ATS trading volume
reported in TRACE, while the trading protocols underlying the remaining ATS trades cannot be
determined with confidence; therefore, I exclude them from the analysis.

The TRACE data provide transaction-level information, including execution price, quantity,
execution time, CUSIP, and the types of both counterparties. Unlike U.S. corporate bond TRACE,
the data do not include anonymous dealer identifiers; only the counterparty type is observed. The
types of trading entities in the ATS & Interdealer segment include bank dealers, non-bank dealers,
and principal trading firms (PTFs). Throughout the paper, I analyze PTFs together with dealers.
This is because matching on the BrokerTec CLOB is centralized and anonymous. In other words, an
empirical analysis that excludes transactions involving PTFs from the ATS & Interdealer segment
would be inconsistent with the centralized matching process of the central limit order book, in
which traders cannot choose their counterparties or reveal their identities; instead, they can only
direct their orders to the centralized platform and trade according to its rules.

The BrokerTec full order book data contain two components, both of which I use in the empirical
analysis. The first is the message data, which record every order submission, modification, and
cancellation. The second is the transaction data, which record every realized transaction, i.e., order
execution. Every BrokerTec CLOB transaction consists of one market order (aggressive order)
matched against one or more limit orders (passive orders): a sell market order executes against
standing buy limit orders at the bids, whereas a buy market order executes against standing sell
limit orders at the asks. The transaction data report the execution price, quantity, execution time,
CUSIP, and trade direction, that is, whether the transaction is initiated by a sell market order or a
buy market order. Using the full order book data, I reconstruct the complete limit order book and
recover the best bid and best ask at every event timestamp. Because every order is assigned a unique
identifier, I also recover the complete life cycle of each limit order, allowing me to measure limit-
order waiting times and thereby discipline the empirically relevant time horizon of the one-period
model developed in this paper,'! as well as the limit-order fill rates.

The Treasury secondary market during the sample period covered by this paper is open for 22
hours per day, from 19:30 to 17:30 the following day. Following Duffie, M. J. Fleming, et al. 2023,

I restrict the sample to observations between 7:30 and 17:30, the core trading hours.'2

"n particular, only new information arriving while a limit order remains active constitutes aggregate risk that is
payoff-relevant to the limit-order trader. Therefore, the observed waiting times of limit orders provide an empirical
horizon over which to identify common-value shocks in the data in a manner consistent with the theory.

2Duffie, M. J. Fleming, et al. 2023 uses the interval from 7:30 to 17:00, but I extend the sample by 30 minutes to
17:30. This is because the empirical analysis in Section 2.2 exploits cross-venue variation within this time interval.
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Figure 1: Distribution of Transaction Prices Relative to the Best Bid: CLOB versus OTC

Notes: This figure uses transaction data for the on-the-run 10-year U.S. Treasury. Overall, approximately 77% of
transactions are executed on the CLOB (gray bars), while the remaining 23% are executed OTC (hatched bars).

2.2 Motivating Facts

Fact 1: Price Dispersion Trading venues shape the cross-sectional distribution of transaction
prices. CLOB transaction prices are concentrated at the best bid and best ask, typically separated
by one tick (the smallest allowable increment between quoted prices). In contrast, OTC transaction
prices are more dispersed and continuously distributed, with a substantial fraction falling between
the prevailing best bid and best ask. Figure 1 illustrates this difference by plotting the distribution
of transaction prices separately for CLOB and OTC venues, measured by the share of transactions
in each price bin. Transaction prices are expressed in ticks relative to the prevailing best bid.'?
Three empirical observations from Figure 1 motivate the model’s pricing mechanisms. First,
almost all CLOB transactions occur at the top of the book, concentrating at the best bid (0 in the
figure) and best ask (1 in the figure), with only a small fraction occurring at deeper quote levels
when large market orders walk the book. Accordingly, the model focuses on the best bid and best
ask, abstracting from deeper levels of the limit order book for simplicity. Second, the tick size acts
as an effective constraint on CLOB pricing and plays an important role in determining the bid—ask
spread. This figure, together with Figures Al and A2 shows that the bid—ask spread equals one
tick for approximately 87% of trading hours and immediately before 99.5% of CLOB transactions.

3For CLOB trades, this measure is exact because I reconstruct the complete limit order book and recover the best
bid and best ask at every event timestamp. The realized transaction price is therefore measured relative to the best
bid at the exact microsecond of execution. For OTC trades, this measure is only an approximation because TRACE
reports timestamps only to the second level. I therefore use the state of the order book at the instant the second begins.
Specifically, for each second SS, the reference best bid for an OTC trade is computed from all order-book events with
timestamps strictly earlier than HH:MM.SS.000000; no events occurring during second SS are incorporated.
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Accordingly, the model explicitly incorporates the tick size. Third, OTC trading allows for finer
pricing than the discrete tick grid of the CLOB. This figure shows that 43% of OTC transactions
occur between adjacent tick values,'* with 35% of OTC transactions occurring between the prevail-
ing best bid and best ask, where CLOB trading is not feasible when the bid—ask spread binds at one
tick. Accordingly, the model adopts Nash bargaining for OTC pricing, which naturally generates

continuous transaction prices in the presence of a continuum of heterogeneous agents.

Fact 2: Execution Probability (Speed) Execution probability is an important determinant of
venue choice. To show that traders value timely execution, I exploit the end-of-day regulatory
balance-sheet assessment faced by bank dealers as an exogenous source of variation in venue choice.
As the assessment approaches, timely execution of U.S. Treasury transactions becomes particularly
valuable for bank dealers relative to non-bank dealers, who are not subject to the same regula-
tion. I estimate a multinomial logit model of trading-method choices among market order on the
CLOB, limit order on the CLOB, and OTC, using OTC as the base outcome, with a difference-
in-difference specification. This specification exploits differences in end-of-period balance-sheet
regulation, following identification strategy similar to those in Du, Tepper, and Verdelhan (2018),
Rapp and Waibel (2023), and Correa, Du, and Liao (2025), among others. Appendix Figure A3
plots the intraday trading-method shares for banks and non-banks, providing suggestive evidence
of parallel trends. The regression specification is

Pr(Y: = )
(Pr(Yi = 0TC)

) =a; +,81j1{Bank}l- +,32]1{1700—1730}, + [33]-1{Bank}l- X 1{1700'1730}1 + F;Xl

where j € {Limit-Order, Market-Order}. Here, ¥; denotes the trading method used for transaction
i, 1{Bank}; indicates whether either counterparty is a bank, 1{17:00-17:30}; identifies transactions
during the final 30 minutes before market close, and X; denotes a vector of controls. The coefficient
of interest is B3;. Table 1 reports B3,Market-0rder > ,[?3,Limit_0rder > 0, indicating that, relative to non-
banks, banks exhibit a greater increase in the relative odds of choosing CLOB trading over OTC
near market close, with a stronger shift toward using market orders than limit orders on the CLOB.

These estimates suggest that execution probability plays an important role in venue choice and
motivate its explicit incorporation into the model through matching mechanism. This is because, in
practice, OTC trading requires counterparty search and bargaining, making execution potentially
slower and less certain; on the CLOB, limit orders must wait for execution and face execution
uncertainty, whereas market orders execute immediately against available limit orders. Thus, as
timely execution becomes more valuable, banks substitute toward trading methods offering faster

and more certain execution.

4That is, OTC transaction prices fall into bins such as (-1, 0), (0, 1), (1,2), etc.
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Table 1: Determinants of Venue Choice

Specification (I) Specification (II) Specification (III)
(1) 2 (3) 4) (5) (6)
Limit Market Limit Market Limit Market
1{Bank} S2.189%** D ATFHxEk D 1QOF*kF D ATFFEE D DI RAEE D §]FHk*
(0.058) (0.052) (0.058) (0.052) (0.056) (0.053)
1{17:00-17:30} -0.270* -0.212 -0.264 % -0.204 -0.308** -0.249*

(0.139)  (0.146)  (0.134)  (0.142)  (0.130)  (0.136)
1{Bank} x 1{17:00-17:30}  0.585%  1.488%*  0.570%  1.476%%*  0.575%  1.490%**
0.324)  (0262)  (0.336)  (0.271)  (0.326)  (0.268)

Price 0.060%**  (0,047***  (0,065%**  (.05]1*** -0.025 -0.042
(0.007) (0.007) (0.006) (0.006) (0.028) (0.026)
Trade Size ($ mn) -0.057%**  -0.054%** -0.058*** -0,054*** -0,059*** -(0.055%**
(0.003) (0.002) (0.003) (0.002) (0.003) (0.002)
Day Fixed Effect No No Yes Yes Yes Yes
CUSIP Fixed Effect No No No No Yes Yes
Observations 3,609,916 3,609,916 3,609,916 3,609,916 3,609,916 3,609,916
Pseudo R? 0.0666 0.0670 0.0726
ﬂ3,Market—Order - ﬂ3,Limit—Order 0.904 0.907 0.915
p-value 0.000 0.000 0.000

Notes: This table reports estimates from multinomial logit regressions of choice among trading methods: limit order on
the CLOB, market order on the CLOB, or OTC. Specifications (I), (I), and (III) differ only in the fixed effects included.
Columns (1), (3), and (5) report coeflicients for limit orders relative to the OTC category, while columns (2), (4), and
(6) report coefficients for market orders relative to the OTC category. Standard errors are clustered at the trading-day
level and reported in parentheses. The final two rows report the difference between the 1{Bank} x 1{17:00-17:30}
coefficients for market order and limit orders and the two-sided p-value for the null hypothesis that the two coefficients
are equal. The data cover all tenors of on-the-run U.S. Treasuries in September 2022. For detailed sample construction
specifically used only for this regression, please see the note beneath Figure A3. **p < 0.01, *p < 0.05, *p < 0.10.

Fact 3: Common-Value Shocks and Limit-Order Adverse Selection Common-value shocks
generate one-sided market order flow following their arrival, exposing resting limit orders to ad-
verse selection due to the sequential trading structure of the CLOB. To document this mechanism,
I follow the literature in interpreting persistent price changes that are not immediately reversed
as shocks to the common value of an asset (e.g., Hasbrouck (1991), Brogaard, Hendershott, and
Riordan (2014), among others). Figure 2 illustrates this adverse-selection mechanism using a rep-
resentative negative-shock episode. During the first five seconds following the onset of the shock,
sell market orders account for 83% of trading volume, executing against resting buy limit orders
at successive bid levels, compared with only 17% for buy market orders. Thus, limit orders are
more likely to execute precisely when the common value moves against them: buy limit orders
are more likely to execute following negative shocks, whereas sell limit orders are more likely to
execute following positive shocks by symmetric reasoning. This directional market order flow is
informative about the asset’s common value and exposes limit-order traders to the winner’s curse.

In the episode shown, buyers whose resting buy limit orders execute at the onset of the shock pur-
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% Buy Market (Hit the Ask)
Sell Market (Hit the Bid)
Negative Shock

95.40 4

95.35 4

95.30 1

95.25 4

Price

95.20 1

95.15 4

95.10 4

Figure 2: An Example Episode: One-sided Market Order Flow Following a Common-Value Shock
Notes: This figure uses CLOB transaction data for the on-the-run 10-year U.S. Treasury on September 12, 2022. Figure

A4 shows this representative episode over a longer horizon, in which the transaction price moves sharply over a short
period without an immediate reversal, which this paper interprets as a common-value shock.

chase the asset at stale bid prices that are too high relative to the updated common value. This
relationship between common-value shocks and one-sided market order flow also holds system-
atically across the data. Appendix Figures A5, A6, and A7 provide additional examples around
scheduled major macroeconomic announcements, and Figure A8 compares market-order direction
across positive-shock, negative-shock, and non-shock periods using all identified common-value
shocks in the sample (see Appendix A for the shock-identification procedure).

This adverse-selection mechanism motivates the model’s sequential timing structure. In prac-
tice, quotation and execution on the CLOB are asynchronous: limit orders move first and market
orders move second (e.g., as modeled in Glosten and Milgrom (1985), Glosten (1994), and Biais,
Martimort, and Rochet (2000), among others). That is, limit orders are submitted before the arrival
of market orders and remain executable as market conditions change, representing a commitment
to trade. Accordingly, the model assumes that limit orders are submitted ex ante and remain exe-
cutable at their quoted prices without re-optimization. The aggregate state is then realized, followed
by market-order decisions made ex post. This sequential timing generates an information asymme-
try consistent with the practical operation of the CLOB: market-order traders move second and can
condition their trading decisions on newly arrived information that is not available to limit-order
traders who submit quotes in the first place. As a result, market-order traders have more informa-
tion about asset values (the informed party), and limit-order traders who submit quotes have less
information (the uninformed party). Thus, market orders generate adverse selection for limit-order

traders as an equilibrium outcome.
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(a) PMI Announcement, Sep 1 2022 (b) CPI Announcement, Sep 13 2022 (c) FOMC Announcement, Sep 21 2022
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Figure 3: Quantity of Limit Orders Before and After Scheduled Announcements

Notes: This figure uses CLOB message data for the on-the-run 10-year U.S. Treasury on the corresponding trading
days. Each dot represents the time-weighted average quantity of outstanding limit orders within a one-minute interval.

Fact 4: Book Depth Figure 3 documents a sharp decline in limit order book depth ahead of
scheduled major macroeconomic announcements, measured by the outstanding limit order quan-
tity at the top five quote levels on each side of the market. Following the literature (e.g., M. J.
Fleming and Remolona (1999), Nakamura and Steinsson (2018), among others), I exploit narrow
time windows around scheduled announcements as a natural setting for studying common-value
uncertainty. This is because, while the timing of these announcements is known in advance, their
informational content remains uncertain, and this content would affect market participants’ assess-
ments of monetary policy and economic fundamentals, and thus the common value of the Treasury.
I therefore examine limit order book depth within 30-minute windows before and after scheduled
PMI, CPI, and FOMC announcements. Across these events, limit order quantities decline sharply
immediately before the announcements, consistent with limit-order traders reducing their exposure
to common-value uncertainty, potentially due to the aforementioned adverse-selection risk.

This empirical pattern motivates the model’s emphasis on the quantity margin in incorporating
aggregate risk and determining allocative efficiency. As common-value uncertainty increases, the
adverse-selection risk faced by limit-order traders discourages limit-order submission and reduces
order book depth. Accordingly, the model explicitly incorporates endogenous limit-order submis-
sion decisions to study how aggregate risk affects CLOB depth and, thereby, allocative efficiency.
The idea is that, with fewer outstanding limit orders, the CLOB has less capacity to accommodate
incoming market orders, limiting the volume of trade and the gains from trade it can realize.

To summarize, I document four stylized facts that motivate the model. First, trading venues
shape the cross-sectional distribution of transaction prices. Second, execution certainty is an im-

portant determinant of venue choice. Together, these two facts motivate a model that incorporates
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both the pricing (transaction costs) and matching (execution probabilities) mechanisms of each
venue. Third, common-value shocks expose limit-order traders to adverse selection through the
sequential trading structure of the CLOB. Fourth, limit order book depth declines in the presence
of common-value uncertainty. Together, the latter two facts motivate a model with a sequential

setup featuring aggregate risk. I now proceed to outline the model.

3 Model

In this section, I develop a venue-choice model with heterogeneous agents and aggregate risk in a
competitive environment. The model is populated by a unit mass of continuum agents with type
0 ~ F(0), where F is a continuous cumulative distribution function, and initial inventory ¢ € {0, 1},
who trade an indivisible asset with total supply & < 1. Each aggregate state s € {+, —} corresponds
to a common preference shock €, affecting all agents’” values. €, takes the value +a in the positive
state and —a 1n the negative state. The goal of the model is to study allocative efficiency: an efficient
market should allow owners and non-owners who are initially misallocated to successfully sell and
buy the asset through the venues into which they sort. The roadmap is as follows. The setup is
presented in Section 3.1. The equilibrium solutions presented in Section 3.2 explain venue sorting,
market fragmentation, and how aggregate risk is incorporated ex ante and absorbed ex post. Section

3.3 studies allocative efficiency and its implications for market structure and market design.

3.1 Setup
3.1.1 Timing

1. Limit-order stage. An owner g = 1 (non-owner ¢ = 0) who chooses to submit sell (buy)

limit order do so by posting at the quoted ask price A (the quoted bid price B).

2. Shock stage. A common preference shock realizes. The aggregate state is s € S = {+, -}
with Pr(s = +) = %, and the shock is

3. Market-order stage. After observing s, agents who did not post a limit order may submit a

market order, which execute immediately against resting limit orders, or opt out of the CLOB.

4. Over-the-counter stage. Following CLOB trading (Stages 1-3), all agents enter the OTC

venue with the asset position ¢’ carried over from the previous stage. Agents are randomly
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matched and may trade bilaterally by Nash-bargaining.

5. Payoff stage. A type-6 agent holding ¢” units in state s receives (0 + €5)q”, where ¢ captures

the idiosyncratic-value component and €, captures the common-value component.

In short, the choice set d € D is as follows. For an owner (¢ = 1), the CLOB-stage (Stages
1-3) decision d consists of choosing whether to post a sell limit (SL) order, submit a sell market
(SM) order, or opt out of the CLOB altogether (Opt-out). Likewise, for a non-owner (¢ = 0), the
decision d consists of choosing whether to post a buy limit (BL) order, submit a buy market (BM)
order, or opt out of the CLOB altogether (Opt-out). All agents then enter the OTC trading stage
with the asset position resulting from the CLOB stage. For tractability, the model considers only
the best quotes in the central limit order book, the so-called top of the book. The state of the book is
therefore summarized by the best ask A and the best bid B (A > B), together with the total quantity
posted at each side.

The model’s timing is motivated by three considerations. First, the sequential timing reflects
the practical operation of the CLOB: limit orders are submitted first at quoted prices, followed by
market orders that execute against resting limit orders on the opposite side of the market at the
best available quotes. For tractability, OTC trading takes place after CLOB trading. Second, the
common preference shock € is realized between limit-order and market-order submission, allowing
market-order traders to condition their decisions on the realized aggregate state, while resting limit
orders remain committed to trade at their quoted prices. This generates informative market order
flow and mechanically induces fluctuations in venue demand across aggregate states. Third, the
model features no principal, auctioneer, or exogenously designated market maker. Instead, all agents
endogenously choose their trading methods d, consistent with modern financial markets. These
modeling choices are broadly supported by the facts documented in Section 2.2.

Before presenting the remaining details of the model, I first introduce the Walrasian equilib-
rium to build intuition for the environment. Figure 4 illustrates the Walrasian version of the model
through an aggregate demand—supply diagram (left panel) and the aggregate shock €, as a shift
in aggregated demand (right panel). Walrasian equilibrium corresponds to the efficient allocation
(first-best). Under this allocation, the asset is held by the highest-k fraction of agents ranked by
type. The ex post Walrasian price is given by P: = F~!(1 — k) + €, which induces the ex post effi-
cient allocation. When the aggregate shock has zero mean, i.e., E;[ €] = 0, the ex ante Walrasian
price is P* = F~!(1 — k) = E4[P?]. The ex ante Walrasian allocation is also ex post efficient.
This is because the aggregate shock is a common preference shock that shifts every agent’s valua-
tion by the same amount without changing the ranking of types. The Walrasian equilibrium serves
as a benchmark for evaluating the (in)efficiency of the trading venues. I now turn to a detailed

description of each venue’s trading mechanism.
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Figure 4: Walrasian Equilibrium with Demand Shifts

3.1.2 Mechanism: Pricing and Matching

The model treats each trading venue as a mechanism (P, ¢), characterized by a trade price P, the
intensive margin, and a trade probability ¢, the extensive margin. The intensive margin is modeled
through the pricing mechanism, where the central limit order book follows the canonical bid—ask
structure, whereas the over-the-counter venue features classic Nash bargaining. The extensive mar-
gin is modeled through the matching mechanism. In the central limit order book, sell market orders
directly match against buy limit orders, and buy market orders directly match against sell limit
orders. In contrast, over-the-counter matching is random, and a trade occurs if and only if the non-
owner’s (buy-side) type exceeds the owner’s (sell-side) type within a bilateral relationship. Both
the pricing and matching mechanisms differ across the two trading venues. In this sense, the two
venues are different but competing trading mechanisms. Both the intensive and extensive margins
of each trading venue are endogenously determined.

I first present the pricing mechanism. In the CLOB, transactions are executed at the quoted bid
and ask prices. A sell limit order posts the ask, and a buy market order submitted later matches

against the sell limit order, so both orders execute at the ask price,
SL _ . BM
P =A=P +§cm:P . (1A)

and, symmetrically, a buy limit order posts the bid, and a sell market order submitted later matches

against the buy limit order, so both orders execute at the bid price,
BL . SM
P*" =B =P" - 5cm =P, (1B)

where P* is the ex ante Walrasian price, c is the tick size parameter, and m is an (equilibrium)
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integer, capturing the fact that the bid and ask can only be posted at multiples of tick.!> Therefore,
by subtracting the two, integer m € {1, 2,3, ...} denotes the equilibrium bid-ask spread measured
in ticks, m = AC;B. Equation 1 implies that the tick size ¢ is a wedge on the efficient price P* and
assumes that the mid-quote %(A + B) is an unbiased proxy for P*.

In the OTC venue, transaction prices are determined through Nash bargaining with bargaining
power parameter 6. Upon matching, if 6,,, > J,, an owner with type ¢, and a non-owner with type

Ono negotiate the ex post price to share the joint gains from trade according to

poTC _ argm[?,x (p — (6, + 63))1_0((6}’10 +€) — p)é’

which yields
POTC(S0,600,5) = 050 + (1 = )5, + €. 2)

The price-setting mechanisms in Equations 1 and 2 capture three differences between the two
trading venues along the intensive margin, as summarized in Panel A of Table 2. First, they distin-
guish centralized and decentralized trading according to whether prices are uniform across agents or
personalized. CLOB prices are independent of individual types (A and B are equilibrium scalars),
whereas OTC prices are set bilaterally and depend on the types of the matched agents. Second,
CLOB quotes are firm commitments to trade regardless of the state of the world, since they are
state-invariant, whereas OTC prices adjust flexibly to the realized state and incorporate it into the
negotiated price. Third, CLOB prices must be multiples of the tick size and are therefore discrete,
whereas OTC prices vary continuously.

I now turn to the matching mechanism in the two trading venues. In the CLOB, execution
occurs between market orders and previously posted limit orders on the opposite side of the book:
buy market orders match against sell limit orders, while sell market orders match against buy limit
orders. Matching follows a pro-rata rule: among limit orders posted at the same quoted price,
incoming market-order flow is allocated pro rata. Since the model considers only the top of the
book, execution occurs at a single quoted price level on each side of the book.'® Let N¢ denote the

equilibrium mass of agents choosing d in state s. Execution probabilities satisfy

NBM NSL
fL:min{ > 1}, SBM:min{ 1}, (3a)
N N

SL”’ BM’
s

15T model the half tick following the convention in the literature.

16The price-priority rule directs market orders to execute first against the most aggressive limit orders (the highest
bid or lowest ask), followed by the next-best quotes, and so forth. For simplicity, the model considers only the top of the
book, with only one quoted price level on each side of the market in equilibrium. Nevertheless, price priority remains
relevant for determining equilibrium quotes and is incorporated into the model through the no one-shot deviation
condition introduced later in the equilibrium definition.
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NSM NBL
¢§L :min{]\]sBL’l}’ fM:mln{W,l} (3b)
N

The intuition for this matching function is as follow. Since limit orders are submitted before the
aggregate state is realized, whereas market orders are submitted afterward, N5* and N2/ are state-
invariant, while N®” and NS are state-dependent. The term % can be interpreted as the sell
limit order fill rate. If there is excess buy market order flow in state s, such that N fM > N5L then
all sell limit orders are filled and are therefore assured of execution, so that ¢fL = 1; otherwise,
only a fraction of the sell limit orders are filled, ¢3* < 1. Similar logic applies to other execution
probability terms. The operator min{-, 1} ensures that ¢ € [0, 1], so that ¢ is a valid probability.
In the OTC venue, agents are randomly matched, and a matched owner—non-owner pair trades

if and only if there are gains from trade

0o+ € < 0y + €.

Consequently,
0TC-0 : oTC-NO OTC-NO
$0TC~ (v):/lmm{W, 1}(1—Gs - (v)), (4A)
S
TC-N ore-0 T
pTNO(v) =Amin{m, 1}6? O(v). (4B)

Here, G denotes the cumulative distribution of owners (OTC-0O) and non-owners (OTC-NO) after
CLOB trading, i.e., at the beginning of the OTC trading stage, and v = ¢ + € denotes the ex
post valuation. Since trade occurs if and only if 6, < d,,, low-valuation owners have a higher
probability of executing a trade than high-valuation owners because they are more likely to meet a
counterparty with a higher valuation. Accordingly, the execution probability of owners in the OTC
venue, p°7¢=9(v), decreases with v. The same reasoning applies to non-owners, whose execution
probability in the OTC venue, ¢°7€~NO(v), increases with v. This matching function assumes
that matching in the OTC venue is random. Specifically, the probability that an agent meets a
counterparty of a given type on the other side of the market is proportional to the density of types
on that side, g, up to the scaling factor A min{-, 1}. In this scaling factor, the parameter A € [0, 1]
captures the search efficiency of the OTC venue relative to the CLOB, whose search efficiency is
normalized to one, and min{-, 1} keeps track of the tightness between the two sides of the market
in the OTC venue.

The execution-probability Equations 3 and 4 capture three differences between the two trading
venues along the extensive margin, as summarized in Panel B of Table 2. First, they formalize
the distinction between centralized and decentralized trading. In the CLOB, execution depends

only on the aggregate order imbalance and is independent of an agent’s individual type once the
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trading venue has been chosen.!” In contrast, execution in the OTC venue depends on the types
of the matched counterparties and is therefore bilateral, with personalized execution probabilities.
Second, CLOB trading is sequential, with market orders executing against previously posted limit
orders, whereas OTC trading is determined simultaneously upon matching. As a result, the infor-
mation structure also differs across the two venues. In the CLOB, aggregate shocks arrive between
limit-order submission and market-order submission, creating asymmetric information between the
two counterparties. In contrast, OTC counterparties negotiate and agree on the trade simultaneously

upon matching, so neither party has an informational advantage.

Table 2: Economic Intuition for the Parameterization of Trading Mechanisms

Panel A. Intensive-Margin: Pricing

Central Limit Order Book (CLOB) Over-the-counter (OTC)
Centralization Centralized: d-invariant Bilateral: §-specific
Firmness Firm commitment: s-invariant Flexible negotiation: s-specific
Grid Discrete: quotes restricted to multiples of Continuous: 6 € [0, 1]

the tick size ¢

Panel B. Extensive-Margin: Matching

Central Limit Order Book (CLOB) Over-the-counter (OTC)

Centralization Centralized: ¢-invariant Bilateral: ¢-specific
Timing of Decision Sequential Simultaneous

Information Structure Asymmetric information: sisrealized Symmetric information: s is common
between the limit-order and market- knowledge
order stages

3.1.3 Value Functions

Since the timing is sequential, the value functions and decision rules are characterized by back-
ward induction. The choice-specific value functions are constructed by weighting the values under
execution and non-execution by the corresponding execution probabilities.

Stage 4 — Over-the-counter stage. Utility u(q’, d, s) denotes the continuation value upon

entering the OTC venue (i.e., at the beginning of Stage 4) for an agent with post-CLOB asset position

17This aligns with the practice that all orders are pooled in a common matching engine and matched anonymously
and centrally according to the same rule.
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q’, type parameter J, in aggregate state s:

OTC-NO
u(l,6,s) = 6+¢€ +A(1-6)min {W 1} / (v = (6 + €T N0 () dv, (5a)
~—— Ns - V>0+€g
flow payoff
expected surplus from OTC
oTC-0
u(0,8,s) = 160 min {m, 1} / (6 + e —v)g?T O (v) dv. (5b)
Ns B V<d+€s

The derivation of Equation 5 is provided in Appendix B. g?7¢=N¥9(y) and g%7¢=9(v) denote the

N

conditional probability density functions satisfying

S+63 S"'Es
/ g0t NO(vydv = 1, / goT0(vydv = 1. (6)

O+¢€g O+e€s

Stage 3 — Market-order stage. After observing the aggregate state s, the owner’s choice-

specific state-contingent valuations W (g, 9, s | d) are

W(l1,6, s|SM) = Mo (B+u(0,6,5))+ (1-¢3")  u(1,6,5) , (7a)
~—— |
Prob. of execution Value if executed Prob. of failure Value if not executed
W (1,6, s|Opt-out) = u(1,9,s). (7b)

That is, if the sell market order is executed, the agent receives the bid price B (since sell market
orders execute at the bid, as described in Equation 1) and enters the OTC venue as a non-owner
with continuation value u(0, 6, s). Otherwise, the agent retains the asset and enters the OTC venue
as an owner with continuation value u(1, 8, s).

Symmetrically, the non-owner’s choice-specific state-contingent valuations are

W(0, 6, sBM) = ¢"M (u(1,6,5) — A) + (1 — ¢2")u(0,4, s), (8a)
W (0,6, s|Opt-out) = u(0,d, s). (8b)

Stage 1 — Limit-order stage. At the beginning of the game, the owner’s ex ante choice-specific
valuations V (g, | d) are

V(1,8|SL) = }Es[ SL(A +u(0,6,5)) + (1 - ¢55)u(1, 6, s)], (92)

V(1,5NotSL) = Es[max {W(l,é,slSM), W(l,s, s|Opt-0ut)H. (9b)

That is, if the agent submits a sell limit order (Equation 9a), if the order is executed, the agent
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receives the ask price A (since sell limit orders execute at the ask, as described in Equation 1) and
enters the OTC venue as a non-owner, and if the order fails to execute, the agent retains the asset
and enters the OTC venue as an owner. Alternatively, if the agent does not submit a sell limit order
(Equation 9b), the valuation is the maximum attainable value after observing the aggregate state,
since the agent retains the option to submit a market order or not.

Symmetrically, the non-owner’s ex ante choice-specific valuations are

V(0,8[BL) = E, [¢§L(u(1, 8.5) = B) + (1 — ¢"L)u(0, s, s)], (10a)

V(0, 5|NotBL) = E, [ max {W(o, 5, s[BM), W (0, 5, s|Opt—0ut)H . (10b)

3.1.4 Decision Rules

Agents’ decisions d are characterized by the following indicator functions, where 1,{-} equals 1 if
the condition is satisfied and 0 otherwise.
Stage 3 — Market-order stage. After the aggregate shock ¢; is realized, the decision to submit

a market order depends on the immediate payoff relative to the continuation value in the OTC:
1sp(6,5) = 1{B+u(0,6,s) >u(1,5,s)}, (11a)
1o (6, 5) = 1{u(1,5, 5)— A > u(0,6, s)}. (11b)
That is, after observing the state s, the owner submits a market order only if W(1, 6, s|]SM) >
W (1,4, s|Opt-out). Substituting the expressions for W and rearranging the inequality yields the
condition above. The condition for the non-owner is derived analogously.
Stage 1 — Limit-order stage. Ex ante, the decision to submit a limit order depends on the
relative valuations:
ISL((S):I{V(l,(SlSL) >V(1,5|NotSL)}, (12a)

15L(5) = 1{V(0,5 | BL) > V(0,5 | NotBL)}. (12b)

3.1.5 Aggregation

Here I present the order quantities N and execution probabilities ¢, both of which are aggregate
equilibrium objects obtained by aggregating agents’ decisions. For tractability, I assume that the
asset is initially allocated randomly across agents. That is, the initial joint distribution satisfies
u(lg = 1,6) = kf(6) and u(g = 0,96) = (1 — k) f(0). The aggregation procedure, as well as the

characterization of the law of motion, extends naturally to more general initial distributions.
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Stage 1 — Limit-order stage. The total supply of limit orders is determined by aggregating

all agents for whom submitting a limit order is optimal:

)
NSt = /5 15.(8) - k £(6) d6, (13a)

o
NBL:/6 15.(6) - (1 - k) f(8) dé. (13b)

Stage 3 — Market-order stage. After the aggregate shock e; is realized, agents who did not
choose the limit-order (NotSL and NotBL) strategy in Stage 1 re-optimize. In contrast, agents who
submitted limit orders in Stage 1 cannot re-optimize because limit orders are commitments to trade.
The mass of market orders in state s € {+, —} therefore consists of agents who did not submit limit

orders and for whom an immediate execution attempt is optimal in state s:
5
N = [0 150(0) - 15w 69) -k £(0) do, (140)
[

)
N = /5 (1= 15.(6)) - s (8.5) - (1 - k) £(5) ds. (14b)

These aggregate order quantities NN, specified in Equations 13 and 14, determine the execution
probabilities ¢ through the CLOB matching mechanism introduced previously in Equation 3. That
is, the matching function satisfies the short-side matching rule in each aggregate state s. Orders
on the short side are guaranteed execution, whereas the execution probability of orders on the long

side equals the ratio of the aggregate order quantity on the short side to that on the long side.

3.1.6 Law of Motion

To characterize how g97€ (-) evolves endogenously, I track both the endogenous change in the dis-
tribution resulting from ownership changes through CLOB trading and the exogenous shift in the
distribution induced by the realization of the aggregate state. The transition follows ten mutually ex-
clusive and collectively exhaustive paths, as specified in the following equation. Again, letv = d+¢;

denote the ex post valuation. The density of agents entering the OTC stage is then given by

_ f(v—€)
g0 = s (1 - k) x| 1pL(v—e€) - ¢P% +(1=1pL(v — &)) - 1py (v — €. 5) - 2
NS ~— L.
Non-Owner Path 1: Buy Limit Success Path 2: Buy Market Success

+ k X(ISL(V_ES).(I_¢§L)+(1_ISL(V_ES))IISM(V_EAWS)'(1_¢§M)
—_——

Owner Path 3: Sell Limit Fail Path 4: Sell Market Fail

24



+(1—ISL(V—€s))‘(1—1SM(V—€s,S)))l, (15a)

Path 5: Opt-out CLOB

— V= €
(TMOw = LRk 1SL<v—es>-¢§L+(1—1SL<v—es>>-15M(v—es,s)-¢§M)
S

Owner Path 6: Sell Limit Success Path 7: Sell Market Success

+ (1-k) x (1BL<v—es)'(1—¢§L>+(1—1BL(v—es>)-1BM(v—ex,s> (1= )

———
Non-Owner

Path 8: Buy Limit Fail Path 9: Buy Market Fail

+(1_IBL(V_fs))’(l_IBM(V_€SaS)))l~ (15b)

Path 10: Opt-out CLOB

where the support of g7¢=9(v) and g?T¢NO(v) is v € [ + €, + €]. The indicator function
1,(v—¢,) denotes the decision rule of the agent whose ex post valuation is v. Equivalently, 1,(v—¢;)
evaluates the decision of the agent whose original type is 6 = v — €;. Thus the argument (v — €)

maps the post-shock valuation back to the corresponding original type in the initial distribution.

3.1.7 Equilibrium Definition

Definition 1 (Competitive Equilibrium). A competitive equilibrium consists of:

* CLOB quotes, consisting of the ask A and the bid B (equivalently, m € {1,2,3,...}), and
OTC transaction prices { P97},

BL 4SM 4BM 4OTC-0 4OTC-NO
s 595 » s :

N >Ts

* Execution probabilities ¢3°,
* Continuation values u(q’, ¢, s) and the implied value functions V (g, § | d) and W(q, 6, s | d).
* Decision rules 157, 11, Isar.s, 1Bar 5.

» Aggregate order quantities in the CLOB, NS¢, NBL NSM NBM.

« Distributions of agents in the OTC, G97C~9(y), GYTCNO(y),

such that for every aggregate state s € {+, —}:

1. Optimality. Each agent’s venue choice d*(0) is optimal. That is, the indicator satisfies

1, d=d(s),
1,(0) =
0, d=+d* (o).

2. Consistency. The aggregate objects N, ¢, G are consistent with agents’ optimal choices d*.
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3. No one-shot deviation. If the bid—ask spread exceeds one tick A — B > ¢ (equivalently,
m > 2), no limit-order trader can increase her payoff by undercutting the prevailing ask or

overbidding the prevailing bid, i.e., no profitable deviation. That is,

V(1,6° | SL(A)) = V(1,6° | SL(A - ¢)),
V(0,6 | BL(B)) = V(0,8 | BL(B +c)),

for every 6 € {6 | d*(6) = SL} and 6" € {6 | d*(6) = BL}. Otherwise, when A — B = ¢

(equivalently, m = 1), deviation is infeasible.

The one-shot deviation condition can be understood as follows. If the bid—ask spread exceeds
one tick, fixing all other agents’ choices, a single limit-order trader can undercut the prevailing
ask by one tick, from A to A — ¢, or overbid the prevailing bid by one tick, from B to B + c.
By the price-priority rule of CLOB matching, this single deviating quote becomes the only best
available quote and therefore receives priority in execution. Consequently, this single deviating
trader executes with certainty, i.e., ¢ = 1, in every aggregate state. This incentive to deviate is
based on the Bertrand-style price-competition intuition underlying the price-priority rule of the
limit order book: by sacrificing quoted price (reducing gains from trade conditional on an execution,
i.e., the intensive margin), an agent gains execution priority (increasing execution probability, i.e.,

the extensive margin). Hence, define the gain from deviation as follows.

Definition 2. The gain from deviation A is

A(1,6% A,¢) =V(1,6° | SL(A—-¢)) - V(1,6° | SL(A))
= Es[A - c+u(0,6°5)] - V(1,6° | SL(A)),

A(0,8™; B, c) = V(0,6™ | BL(B +¢)) - V(0,8" | BL(B))
= Ey[u(1,6",5) — (B +¢)] = V(0,6" | BL(B)).

That is, by undercutting the prevailing ask, the seller guarantees execution. Upon execution,
the seller receives the undercutting ask A — ¢, enters the OTC stage as a non-owner, and obtains the
continuation value u(0, 6%, s). Taking expectations over aggregate states gives the ex ante value,
Es [A —c+u(0,06°, s)]. The expression for a non-owner follows symmetrically.

However, when the bid—ask spread equals one tick, i.e., A — B = ¢, quote improvement is
infeasible. This is because any limit order (passive order) quoted aggressively enough to cross the
bid—ask spread becomes a market order (aggressive order), rather than entering the book as a resting
limit order. That is, when A — ¢ = B, there is no allowable tick between the bid and ask, so quoting

one tick below the current ask (or one tick above the current bid) crosses the spread and becomes a

26



market order. Consequently, such a deviation is not feasible for sell (or buy) limit order traders.'®

3.1.8 Equilibrium Characterization

The following definitions, lemmas, and corollaries are useful for the subsequent analysis.
Definition 3. Define the OTC reservation value of the asset as R(6, s) = u(1,9,s) —u(0,9, s).
Lemma 1. For every s € {+, =}, the OTC reservation value R(0, s) is weakly increasing in .

Corollary 1. The market-order-stage decision rules in Equation 11 can then be rewritten as

ISM(6’ S) = l{B > R((S, S)},
1BM(5, S) =1 {A < R((S, S)}

Lemma I and Corollary 1 together provide intuition for why solving the optimality condition in
Equilibrium 1 reduces to determining the cutoff types. This is because the type-invariant equilib-
rium objects of the CLOB, such as ask A and bid B, partition the type-specific equilibrium objects
of the OTC, such as reservation value R(J, s), and thereby partition the type space and gives rise
to equilibrium sorting. In addition, Corollary 1 provides a natural economic interpretation of the
market-order decision rules. An owner attempts to sell the asset immediately (i.e., using market
order) after observing the aggregate state s only if the selling price (the bid price B) exceeds his
reservation value, while a non-owner attempts to buy the asset immediately only if the buying price
(the ask price A) is below her reservation value. The proof of Lemma 1 is provided in Appendix
B.1, and Corollary 1 follows immediately from the lemma.

Now I turn to characterizing the deviation condition in Equilibrium 1, which pins down the
quotes. Substituting V(1,6 | SL) and V(0,5 | BL) expressed in Equations 9 and 10, into the gain
from deviation A defined in Definition 2, and collecting the continuation value terms and expressing

them in terms of the reservation value R(4, s), yields

A(1,6% A, c) = B [(1 - 3) (A = R(6°,5))] - ¢, (16a)
A(0,6"; B, c) = E,[(1 - ¢PL)(R(6",5) - B)| —c. (16b)
Here, the first component represents the marginal benefit of improving the quote, increasing the

execution probability from ¢35~ to 1, while the second component represents the marginal cost of

improving the quote, sacrificing a one-tick gain c.

18In practice, a trader can submit a sell limit order at the best bid only if the order quantity is sufficiently large
to exhaust the entire buy-limit quantity at the best bid. The remaining unmatched quantity may then rest in the book
as a sell limit order at the previous best bid, which subsequently becomes the best ask. However, in this model, a
single-agent deviation can never exhaust the entire quantity at the best quote.
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The terms A(1,6%; A, ¢) and A(0, §"?; B, c¢) satisfy the following monotonicity property stated
in Lemma 2. As will be shown, this is a useful property because it reduces the dimensionality of

the problem. The proof is in Appendix B.2.
Lemma 2. A(1,6; A, ¢) is weakly decreasing in 6, whereas A(0, 6; B, ¢) is weakly increasing in 6.

Given the monotonicity in Lemma 2, it is sufficient to verify the no deviation condition only for
the lowest-type sell limit trader and the highest-type buy limit trader, rather than for all limit order
traders. Thus, it reduces the dimensionality of the problem and facilitates the analytical solution.
Lemma 2 also aligns with economic intuition. Among all sell limit traders, the lowest type has the
greatest urgency to sell and therefore the strongest incentive to deviate by undercutting the ask to
gain execution priority. Among all buy limit traders, the highest type has the greatest urgency to
buy and therefore the strongest incentive to deviate by overbidding the bid to gain execution priority.

The following definition and corollary formalize this simplified equilibrium condition.

Definition 4. Define four cutoff types as

3Ll = inf {6 | d*(8) = SL}, §3L2
6811 = inf {6 | d*(6) = BL}, §BL=2

sup {6 | d*(6) = SL},
sup {6 | d*(6) = BL}.

Corollary 2. If A — B > c, the no one-shot deviation condition in Equilibrium [ reduces to

A1, 6% A ) =By [(1 - ¢35) (A = R(6°F71,5))] - c <0,
A(0,6%57% B, ¢) = By [(1 - ¢B5) (R(6PE72,5) - B)| —c < 0.

When A — B = ¢, quote improvement is infeasible. Therefore, the no one-shot deviation condition

is automatically satisfied.

Corollary 2 also shows that the tick size c is a market-design parameter, because it affects agents’
ex ante incentives to undercut the ask and overbid the bid through the term A. This incentive deter-
mines the equilibrium bid and ask, which in turn determine all other equilibrium objects, including
the aggregate order quantities N.'” The tick size ¢ affects the incentive through the Bertrand-style
price competition: it changes the tradeoff between execution certainty and transaction price. This
is because, to gain execution priority, an agent must undercut the current ask or overbid the current
bid by at least one tick. The larger the tick size, the more costly it becomes to acquire such execu-
tion priority, thereby reducing the incentive to undercut or overbid, in line with Corollary 2, which

establishes that A decreases with c.

9This is closely related to the literature on the effects of tick size on order-book depth and provides one possible
microfoundation for this relationship.
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To summarize, the equilibrium is obtained in two steps: first, solving the venue-sorting problem
for a given set of quotes, and second, determining which quotes can be sustained in equilibrium.
Specifically, given the bid and ask, the optimal venue choices d* and aggregate equilibrium objects
(N, ¢, G) are characterized by cutoff types, corresponding to marginal agents who are indifferent
between two trading methods. The no one-shot deviation condition A then pins down the equi-
librium bid and ask, with the condition needing to be imposed only at the relevant cutoffs. An
equilibrium is obtained when such deviations are not profitable or when the constraint binds, i.e.,
at one tick because further quote improvement is no longer feasible.

To shed light on how risk (), friction or fragmentation (1), and the wedge (c) distort the equi-
librium, I first present the frictionless economy obtained by setting these parameters to zero, which
admits a fully closed-form solution while preserving the key economic forces that determine the
equilibrium. The frictionless equilibrium coincides with the Walrasian equilibrium. This result is

stated in the following Proposition 1 and the proof is provided in Appendix B.3.

Proposition 1 (Frictionless Economy). Suppose that there is no aggregate risk, a = 0, and no over-
the-counter venue fragmenting the market, 1 = 0. As the tick size converges to zero, ¢ — 0%, the
central limit order book competitive equilibrium converges to the Walrasian equilibrium. Moreover,
for any sufficiently small ¢ > 0, limit orders are rationed, 0 < ¢°F < 1, 0 < ¢BL < 1, whereas
market orders execute with certainty, ¢M = ¢PM = 120 As ¢ — 0%, the limit-order execution
probabilities converge monotonically to one from below, $3*, $BL 1 1. Therefore, in the frictionless

limit, a = A =c =0, 5L = ¢BL = ¢pSM = $BM = | 50 there is no failure to trade.

Proposition 1 identifies an inefficiency in this market: the failure to trade (¢ < 1), which can
be viewed as a specific form of market failure. Specifically, the failure to trade in the central limit
order book arises from rationing, that is, from the imbalance between the two types of orders on
the two sides of the market induced by endogenous venue sorting, summarized by the equilibrium
object ¢. This form of inefficiency is in addition to the canonical search friction in over-the-counter,
which also generates inefficiency in this market (e.g., Duffie, Garleanu, and Pedersen (2005), Weill
(2020)). Inow relax these parametric assumptions step by step and characterize the full equilibrium.
I first open the over-the-counter venue (4 > 0) while maintaining the risk-free environment (o = 0),
and then introduce aggregate risk into the environment (@ > 0). The theoretical solutions for these

two environments are presented separately in the next subsection.

20The economic intuition is that, in equilibrium, for a marginal owner to be indifferent between submitting a sell
market order at the bid and a sell limit order at the ask, where the ask exceeds the bid, the sell limit order must face
execution risk, i.e., ¢°T < 1, to offset the benefit of a higher execution price. This is precisely the speed-cost tradeoff
that sustains the equilibrium. The same logic applies to the non-owner side.
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3.2 Theoretical Solution
3.2.1 Benchmark Case: a =0

For the benchmark case without aggregate risk, @ = 0, I first characterize the equilibrium analyti-
cally. I then present a numerical example and explain the equilibrium. Finally, I conduct compar-
ative statics with respect to the tick size c. As discussed in the previous subsection, the tick size is
a market design parameter, and therefore I examine how it affects the equilibrium outcomes.

The equilibrium characterization consists of two parts, venue sorting and quote deviation. Propo-
sition 2 characterizes the equilibrium venue sorting by deriving the number and ordering of the
cutoff types for given bid and ask quotes. Proposition 3 establishes the no profitable deviation con-
dition that pins down the equilibrium bid and ask. In Proposition 2, the cutoff types correspond
to agents who are indifferent between two trading-method options, where the indifference condi-
tions compare the corresponding OTC reservation values with the CLOB equilibrium objects. In
Proposition 3, the bid—ask spread equals one tick. The equilibrium is unique because the equilib-
rium bid—ask spread is unique, and the venue sorting induced by the unique bid—ask spread is also
unique. Notice that when there is no aggregate risk, the state index s is redundant, so I omit it. The

proofs of Propositions 2 and 3 are provided in Appendices B.4 and B.5, respectively.

Proposition 2 (Venue Sorting). When ¢ > 0, given bid B and ask A, suppose limit orders are
rationed on both sides of the CLOB, 0 < ¢°F < 1, 0 < ¢BL < 1. Then the optimal venue choice
partitions the type space according to the four cutoff types defined in Definition 4 as follows:

For owners (g = 1),

5§ <8 o Sell Market,
5 « 5 <6582 o Sell Limit,

§>6L2 o  Opt Out CLOB.

At cutoff 55L71, the agent is indifferent between Sell Market and Sell Limit, while at cutoff 6572,
the agent is indifferent between Sell Limit and Opt Out CLOB.

For non-owners (q = 0),

§ <68l o Opt Out CLOB,

5BL_1 5BL—2

<<

§>687? o Buy Market.

& Buy Limit,

At cutoff 68171, the agent is indifferent between Opt Out CLOB and Buy Limit, while at cutoff 5772,
the agent is indifferent between Buy Limit and Buy Market.
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The cutoff types satisfy the following indifference conditions:

B—¢tA

R(6571) = T

R(6SL_2) — A,

A-¢"'B

BL-1\ _ BL-2y\ _

The ordering of the four cutoff types is

5SL_1 < 5BL—1 < 6SL_2 < 5BL_2

Proposition 3 (Quote Deviation). The deviation gain presented in Corollary 2 satisfies
AL 85 = A1, 6552 = (m = 1)e, Vme{1,2,3,...}.

Therefore, for all c > 0, the unique equilibrium bid—ask spread that results in no profitable deviation

is m =1, i.e., the equilibrium bid—ask spread equals one tick, and the deviation gain is zero.

Corollary 3. When the tick size converges to zero, ¢ — 07, the unique equilibrium bid—ask spread
converges to zero, i.e., lim._,o+ (A — B) = lim._,o+ ¢ = 0. In this limit, the competitive equilibrium
replicates the Walrasian allocation, where A = B = P* and ¢35 = ¢BL = ¢M = ¢BM = 1, 50

there is no failure to trade.

Corollary 4. When the tick size converges to zero, ¢ — 07, in this limit, no agent chooses to trade in
over-the-counter. The central limit order book alone achieves the Walrasian allocation, even when

the over-the-counter venue is available. That is, the market endogenously resists fragmentation.

Taken together, Propositions 2, 3, and Corollaries 3, 4 characterize the equilibrium and its
limiting properties within the limit-order rationing configuration. Specifically, the conditions 0 <
¢t < 1, 0 < ¢BL < 1 select the equilibrium configuration in which limit orders constitute the
long side of the CLOB and therefore face uncertain execution, while market orders constitute the
short side and execute with certainty. The relevance of this equilibrium configuration is supported
in two ways. First, in the analytically tractable frictionless economy of Proposition 1, with @ =
A = 0, the equilibrium exhibits exactly this execution pattern for a positive tick size: limit orders
are rationed, whereas market orders execute with certainty. Second, I numerically verify that the
limit-order rationing conditions hold for equilibrium reported in the risk-free environment. Thus,
the equilibrium configuration underlying Proposition 2 — Corollary 4 is both analytically grounded
in the frictionless economy and numerically relevant for the equilibrium studied here.

I now proceed to present one numerical example in Figure 5, which illustrates the equilibrium.

Figure 5 shows that low-type owners ([99, 99.44], the blue region) choose market orders to sell the
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asset at the bid price B, middle-type owners ([99.44,100.1], the red region) choose limit orders
to sell the asset at the ask price A, and high-type owners ([100.1, 101], the black region) opt out
and do not participate in the central limit order book. Vice versa for non-owners. All agents use
their post-CLOB updated holdings to enter the over-the-counter venue, where they trade if and
only if they meet a counterparty such that there are positive gains from trade. The ownership
distribution evolves endogenously. I illustrate the support of the distributions of owners and non-
owners entering the over-the-counter venue (the green region), that is, the subsets of the type space

on which gOTC—O OTC-NO

and g are strictly positive.

This equilibrium venue sorting can be interpreted as the classic speed—cost tradeoff. In this
numerical example, market orders are on the short side, while limit orders are on the long side.
Consequently, limit orders face execution risk (¢5° = ¢®L < 1), whereas market orders are guar-
anteed execution (¢° = ¢BM = 1) but must cross the bid—ask spread, resulting in a worse execu-
tion price. Therefore, low-type owners and high-type non-owners, the most urgent agents, submit
market orders because they substantially value guaranteed execution even though they must pay
the bid—ask spread, i.e., the transaction cost. These agents demand liquidity, consistent with the
insight of Demsetz (1968) that immediacy is costly. Middle-type owners and middle-type non-
owners, the middle-urgency agents, submit limit orders and provide liquidity. High-type owners
and low-type non-owners, patient agents, opt out of the centralized venue and may instead trade in
the over-the-counter venue.

This speed—cost interpretation can be further validated using the data. In the data, market orders
are executed immediately with essentially zero delay. Limit orders are executed with uncertainty
(i.e., many are never filled) and, on average, wait about two minutes before execution. Although I
do not have data on the execution time of over-the-counter trades, it is reasonable to assume that
they take longer than two minutes because they often involve manual quote requests and bilateral
negotiation. Therefore, the over-the-counter venue can be interpreted as the slowest trading venue.
The interpretation of equilibrium sorting as a speed—cost trade-off is also broadly consistent with
the substitution pattern presented in Table 1.

This venue sorting suggests that the centralized venue plays a first-order role in allocative effi-
ciency. This is because owners whose types are below the Walrasian price (100 in the numerical
example presented in Figure 5) and non-owners whose types are above the Walrasian price are
initially misallocated, and they endogenously trade through the centralized venue. Moreover, the
agents whose failure to trade would generate the largest inefficiency are low-type owners and high-
type non-owners, and these agents choose to submit market orders, which are always executed in
this benchmark case. Therefore, the most severe misallocation is resolved by the central limit order
book. In this sense, the centralized venue improves allocative efficiency.

I now use comparative statics with respect to the tick size to examine how this market-design
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5SL_1 5SL_2

: Over-the-counter support
g=1 Sell Market Sell Limit . Opt-out central limit order book
e 5 g
99 99.44 99,90 100.10 100.56 101
qg=0 Opt-out central limit order book | Buy Limit ! Buy Market
Over-the-counter Esupport E
5BL_1 6BL_2

Figure 5: Optimal Venue Choice: A Numerical Example (¢ = 0)

Parameters: tick-size ¢ = 0.2, shock size @ = 0, bargaining power 6 = 0.5, search efficiency 4 = 0.5, type f(d) ~
U[99, 101], initial joint distribution u(q = 1, 6) = kf(6), asset supply k£ = 0.5.

parameter affects equilibrium. The parameter configuration in Figure 6 corresponds to a symmet-
ric equilibrium, so I report only the owner-side venue choice and the sell limit order execution
probability, and the non-owner-side venue choice and the buy limit order execution probability
are symmetric. When the tick size converges to zero, the equilibrium converges to the Walrasian
benchmark (the purple point), as stated in Corollary 3. Given Proposition 3, the equilibrium bid—
ask spread is always one tick, regardless of the tick size. Therefore, in Panel (a), as the tick size
increases, the bid—ask spread also increases. Since the bid—ask spread is the cost of using a mar-
ket order to obtain execution certainty, the mass of agents choosing market orders decreases (the
blue region shrinks) as the tick size increases. In contrast, limit orders avoid this transaction cost,
so a larger tick size and the associated wider bid—ask spread induce more agents to submit limit
orders instead (the red region expands). Although limit orders save transaction costs, they always
face execution risk in this benchmark case, as shown in Panel (b). That is, % < 1, therefore
execution probability ¢3¢ = min{ % 1} < 1. As the tick size increases, since the mass of
limit orders rises while the mass of market orders falls, the execution probability of limit orders
decreases, as shown in Panel (b). By contrast, market orders are always executed with certainty
because ¢®M = min {%, 1} = 1. Therefore, the speed—cost trade-off illustrated in the previous
numerical example is preserved throughout the parameter space.

Figure 6 suggests that an excessively large tick size may explain why, in some fixed-income
markets, the central limit order book is available but little or no trading occurs through it. Panel (c)
shows that the over-the-counter market share, measured by the share of executed volume, increases
with the tick size. Beyond a threshold tick size, no trade is realized through the CLOB, and all
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trading occurs OTC, as indicated by the gray region. This occurs because the tick size, and hence
the implied bid—ask spread, becomes too large, making the transaction cost of obtaining execution
certainty through market orders prohibitively high. As a result, no agents are willing to cross the
spread by submitting market orders. Without market orders, limit orders cannot be filled, and hence
no trade is realized through the CLOB. Some empirical evidence from equity markets supports
the predicted negative relationship between tick size and centralized venue’s market share (Kwan,
Masulis, and MclInish (2015), Werner et al. (2023), etc.).2!

3.2.2 General Case: o >0

For the general case with aggregate risk, @ > 0, I first characterize the equilibrium, present a
numerical example, and contrast it with the previous benchmark case. The key difference is that
venue sorting features informed market orders, which generate adverse selection for limit orders, as
stated in Proposition 4. I provide a simplified proof in Appendix B.6.> 1 then conduct comparative
statics with respect to the shock size @ and examine its effects on the equilibrium both ex ante and
ex post, highlighting the quantity-margin channel. The parameter a can be interpreted as the asset’s

risk. To see this, one can simply calculate the variance of the ex post efficient price Var(P?) = a?.

Proposition 4 (Market orders are informative about the aggregate state; therefore, limit orders are
adversely selected). In equilibrium, sell-market order flow is weakly larger in the negative state,
N3M > NSM ' and buy-market order flow is weakly larger in the positive state, N*M > NBM,
Therefore, sell limit orders execute weakly more often in the positive state, ¢S- > ¢°F, and buy
limit orders execute weakly more often in the negative state, 8- > ¢BL. That is, limit orders are

weakly more likely to execute when the common value of the asset moves against them.

The quote deviation forces the bid—ask spread to the one-tick constraint. Unlike in the bench-

mark case, here the deviation gain A at the one-tick spread remains strictly positive. The numerical

21For example, Kwan, Masulis, and MclInish (2015) exploit a regulatory discontinuity in the U.S. equity market,
where the minimum tick size increases from 0.0001 for stocks priced below one dollar to 0.01 for stocks priced at
or above one dollar. Using a regression discontinuity design, they find that crossing the one-dollar threshold discon-
tinuously reduces the market share of centralized venue (see Table 2 and Figure 2). Similarly, Werner et al. (2023)
study the reduction in tick size following the termination of the U.S. Tick Size Pilot in 2018 and find that smaller tick
sizes increase the market share of centralized venue, particularly for stocks whose bid—ask spreads were previously
constrained by the minimum tick size (see Table 6, Panel A). One should note that the empirical finance literature on
the relationship between tick size and centralized venue market share is mixed, though.

22Specifically, I prove the proposition only in an environment without over-the-counter trading (1 = 0) and with
aggregate risk (@ > 0). This simplified proof nevertheless sheds light on the theoretical mechanism underlying the
proposition: the aggregate state shifts agents’ reservation values, generating excess sell market orders in the negative
state and excess buy market orders in the positive state (“trading pressure”). Extending the proof analytically to the
case with 4 > 0 requires establishing the property R(8,+) > R(6,—) for all §, for which I have not found a general
analytical argument. When 4 = 0, the reservation value R simplifies to R(d,s) = & + €5, making this property
immediate. Nevertheless, all numerical analysis in this paper satisfy R(d, +) > R(6, —) and support the proposition in
the general setting with 4 > 0.
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Parameters: shock size @ = 0, bargaining power 6 = 0.5, search efficiency 4 = 0.5, type f(5) ~ U[99, 101], initial
joint distribution u(g = 1,6) = kf(9), asset supply k = 0.5.
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solution suggests that, when @ > 0, the deviation gain A increases with the bid—ask spread and,
importantly, is close to zero but remains slightly positive when the bid—ask spread is constrained at
one tick (see Appendix C). Therefore, the one-tick-spread equilibrium arises not because undercut-
ting or overbidding is strictly unprofitable (as in the benchmark case, where A = 0 in equilibrium),
but because further undercutting or overbidding becomes infeasible once the spread is constrained
to one tick. Since A is already slightly positive in the one-tick-spread equilibrium, equilibria with
larger bid—ask spreads cannot be sustained because they admit profitable deviations.

Contrasting the numerical example presented in Figure 7 with the benchmark case in Figure 5
shows that venue sorting responds to aggregate risk through the endogenous emergence of informed
market orders. In this numerical example, informed market orders are sell market orders submitted
by owners whose types lie between 657=2 = 99.66 and 65 = 100.25, and buy market orders
submitted by non-owners whose types lie between 65 = 99.75 and 685~ = 100.34. These are
informed market orders because these agents submit market orders in one aggregate state but not in
the other. Consequently, their order flow is informative about the aggregate state (i.e., information-
driven). By contrast, low-type owners (owners whose types lie between § = 99 and 652! = 99.17)
and high-type non-owners (non-owners whose types lie between 65272 = 100.83 and § = 101)
always submit market orders regardless of the aggregate state. Equivalently, their trading decisions
do not respond to the arrival of aggregate shock, so their market orders are not informative about the
aggregate state. Following the convention in the literature, these agents can instead be interpreted
as liquidity-driven, since they have the greatest trading urgency.

The informed market orders generate adverse selection for limit orders. As shown in Figure
7, the mass of limit orders is state invariant because it is determined ex ante. However, N°¥ >
N3M where the difference is generated by the informed sell market orders. Consequently, ¢3- >

BL In this numerical example, ¢5L = mm{lo9917 —29 1} ~ 0.35 < 1, whereas ¢5F =

0.83-100.34°
(99.17-99)+(100.25-99.66) — min {076 11 — : :
mln{ 00 83-100.34 ,1¢{ = min {0. 195 } = 1. The same argument applies symmetrically

to sell limit orders. This numerical example illustrates Proposition 4. That is, buy limit orders are

more likely to be filled when the common value of the asset decreases, reflecting the winner’s curse
in this common-value setting. Since the execution probabilities ¢ are state dependent, the law of
motion implies that the support of the over-the-counter distribution g®7€ is also state dependent,
which in turn implies that the OTC price distribution is state dependent, in particular its skewness,
as can be immediately seen from this figure’s asymmetric over-the-counter support across the two
states. Therefore, aggregate shocks are absorbed ex post through both the quantity and price mar-
gins. On the quantity margin, market order flow becomes one-sided, with an excess mass of sell
market orders following a negative shock and an excess mass of buy market orders following a
positive shock. On the price margin, the OTC transaction price distribution becomes right-skewed

in the negative state and left-skewed in the positive state. In contrast, both market order flow and

36



SL-1 SL-2
6 6 Over-the-counter support
1

1
qell Markat Sell Limit : Sell Market Opt-out central limit order book
s =- e >
1 1
_ 1 1
q= Sell Markéfl Sell Limit : Opt-out central limit order book
=+
: : Over-the-counter support
1 le
| | B A 5
99 99.17 99.66 99900 100.10 10Q.34 100.83  [101
1 1
Over-the-counterisupport : :
s =-
g = 0 Opt-out central limit order book : Buy Limit Eiuy Markgt
- 1 1
s =4+ \L \:,
Opt-out central limit order book Buy Market ' Buy Limit Huy Mark¢t
Over-the-counter support (SBL_I 6BL_2

Figure 7: Optimal Venue Choice: A Numerical Example (o = 0.3)
Parameters: tick-size ¢ = 0.2, shock size @ = 0.3, bargaining power 6§ = 0.5, search efficiency 4 = 0.5, type f(6) ~
U[99, 101], initial joint distribution u(q = 1,8) = k f(5), asset supply k = 0.5.
the OTC transaction price distribution are symmetric in the benchmark case.

The comparative statics with respect to the shock size « are presented in Figure 8, which shows
that agents incorporate aggregate risk ex ante through the quantity (extensive) margin, the mass of
limit orders. As shown in Panel (a), as the shock size increases, the mass of owners choosing limit
orders (the red region) shrinks. In other words, the mass of limit orders decreases with aggregate
risk, consistent with the theoretical intuition that greater risk discourages liquidity provision. In
addition, ex post, the mass of informed market orders (the green region) increases with aggregate
risk, making the adverse selection faced by limit orders more severe. As shown in Panel (b), this is
reflected in the widening gap in limit-order execution probabilities across states (the hatched area).
As a result, Panel (c) shows that the over-the-counter market share increases with aggregate risk,
suggesting that agents substitute away from the central limit order book toward the over-the-counter
as aggregate risk increases.

Notice that, although the model parametrizes aggregate risk €, to have zero mean and all agents
are risk neutral, equilibrium venue choice still responds to aggregate risk. The reason is that exe-
cution probabilities (extensive margin) enter the value functions and are thus payoff-relevant. As
previously shown, when « increases, the adverse selection faced by limit orders becomes severe, so
only lower type owners are still willing to continue providing liquidity at the same ask price.>> Intu-
itively, more severe adverse selection faced by limit-order traders requires a larger gain from trade

as compensation. Since lower-type owners derive a larger gain from submitting sell limit orders,’*

2In Figure 8, the bid—ask spread remains fixed at one tick, and the tick size is held constant.
24The ex ante surplus from submitting a sell limit order over holding the asset is Es[¢SL(A — R(8,s))], which
increases as d decreases.
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the sell-limit region shifts downward along the type distribution as @ increases to provide such
compensation. Eventually, the sell-limit region reaches the lower bound of the type distribution, at
which point no owner finds it optimal to submit a limit order and the order book is empty.>

These comparative statics also illustrate that informed market orders, and the associated adverse-
selection problem, arise only when aggregate risk is sufficiently large relative to the tick size. In
this numerical example, informed market orders emerge only when @ > 0.2. When aggregate risk
is small relative to the tick size, it does not affect agents’ trading decisions because the shock is not
large enough to move the common value of the asset above the ask or below the bid. Consequently,
the mass of limit orders remains the same as in the case without aggregate risk (the flat region
following @ = 0 in Panel (a) of Figure 8), recovering the no-risk level of book depth.

The analysis in this subsection suggests another reason why few or no trades are executed
through the central limit order book in some fixed-income markets, even when the technology is
available. Unlike the benchmark case, in which CLOB inactivity arises because no agents submit
market orders due to an excessively large tick size, here it arises because no agents are willing to
submit limit orders and commit to firm quotes when large aggregate shocks may occur afterward.
This might rationalize why CLOB liquidity can collapse during periods of heightened aggregate
uncertainty while over-the-counter venues remain active. More generally, CLOB trading requires
the participation of both market-order and limit-order traders, introducing a coordination dimen-
sion to market design: if either side is absent, no trades can occur on the CLOB, and all trading

takes place through the over-the-counter venue.

3.3 Allocative Efficiency

This section discusses the implications of the model for market structure and market design by
analyzing allocative efficiency. I use the Walrasian allocation as the benchmark for evaluating al-

locative efficiency. To construct, I first define ex post allocative efficiency in state s as follows:

Realized gains from trade

Allocative Effici =
ocative BHiciency First-best gains from trade

)
[ G+ela.o - ur.olas
- . (17a)

5 5
/ (6 + &) f(0)do — / (6 +eg)u(l,0)do
F s

~H(1-k)

2 Notice that the empty book is a special result of assuming that the type distribution has bounded support. Alter-
natively, with an unbounded type distribution, such as the normal distribution, all findings are qualitatively preserved,
except that the book becomes very thin, but never empty, when risk is sufficiently large.
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joint distribution u(g = 1,8) = k f(5), asset supply k = 0.5.
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The (ex ante) allocative efficiency is then given by
Allocative Efficiency = E[Allocative Efficiency]. (17b)

Here, u(1,6) is the initial ownership density, fi(1, d) is the final ownership density, and the first-
best allocation is the allocation in which the highest-k fraction of agents hold the asset. The density

[s(1,0) in the notation of the model setup, with v = ¢ + €;, is

fis(1,8) =NOTC0g0TC-0(5 1 ) [1 = 2770 (5 + )|

+ NTENOGITENO (5 4+ €)¢ TN (5 + &),

where the first component consists of post-CLOB owners who fail to sell in the OTC, and the second
component consists of post-CLOB non-owners who successfully buy in the OTC.

Allocative efficiency is a percentage between 0% and 100%, and it is the welfare notion that
this paper uses to evaluate market structure and market design. It measures the percentage of the
maximal attainable welfare improvement that is realized through trading venues. Autarky (i = w)
corresponds to 0%, while the first-best allocation corresponds to 100%. Viewing a venue as a
mechanism (P, ¢), it is the execution probability ¢ that determines allocative efficiency, whereas
the transaction price P is purely a transfer. This can be seen from the fact that the model implies

that the joint distribution over (g, &) evolves as follows

CLOB

s

OTC
initial exogenous (-, ) —— g97€ (., ) L) final f,(-,9). (18)

3.3.1 Optimal Tick Size on the Central Limit Order Book

I use numerical methods to compute the optimal tick size for a given aggregate risk level . The
optimal tick size is defined as the tick size that maximizes allocative efficiency, given @ and the
other parameter values. Figure 9 presents one numerical result. As shown in the figure, when
a = 0, the optimal tick size (top panel) is zero, and allocative efficiency (bottom panel) is 100%.
This corresponds to Corollaries 3 and 4. A numerical example illustrating the grid search for the
optimal tick size for an arbitrary level of the shock size is presented in Appendix Figure A14.

The top panel of Figure 9 shows that the optimal tick size ¢* (@) increases with aggregate risk
a. This is because a larger tick size reduces the mass of informed market orders, as implied by
Corollary 1. Specifically, as in Corollary 1, if the ask increases and the bid decreases (i.e., the bid—
ask spread widens as the tick size increases; recall that the spread always binds at one tick), a smaller
mass of agents sorts into market orders, since the OTC reservation value R is increasing in type.

Importantly, a larger tick size first eliminates informed market orders while preserving uninformed
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Parameters: search efficiency 4 = 0.5, bargaining power 6 = 0.5, type f(6) ~ U[99, 101], initial joint distribution
u(g =1,6) = kf(6), asset supply k = 0.5.

ones. The reason is that uninformed market-order traders are those with the most extreme types
(lowest-type owner and highest-type non-owner), whose reservation values R are therefore extreme
and lie far from the bid and ask, allowing them to continue submitting market orders despite the
wider spread; in contrast, (marginal) market-order traders whose reservation values R lie close to
the bid and ask are informed market-order traders, making them the first to switch away from market
orders as the spread widens.

Nevertheless, the bottom panel of Figure 9 shows that even when the tick size is set at its optimal
level, maximized allocative efficiency decreases with the level of aggregate risk. This is because,
as previously illustrated in Figure 8, if the tick size is sufficiently large relative to the shock size,
informed market orders disappear, adverse selection is eliminated, limit order book depth increases
to the no-risk level, and the equilibrium is restored to the corresponding no-risk configuration.
However, this no-risk equilibrium is itself distorted by the sufficiently large tick size, as can be seen
from Figure 6, where the distortion from the Walrasian equilibrium increases with the tick size.
The optimal tick size therefore balances this ex post distortion against the ex ante incentive effect.

Although the result in Figure 9 is based on a single numerical example, it offers a broader in-
sight: the optimal tick size varies with aggregate risk. Even if the tick size is chosen optimally
ex ante to maximize expected allocative efficiency, it need not remain optimal ex post because the
realized level of aggregate risk may differ from its anticipated (e.g., average) level. This gives rise
to tick-size misspecification, where a fixed tick size is no longer optimal for the prevailing level
of aggregate risk. This is particularly relevant in practice because the tick size set by BrokerTec

remains fixed over long periods, potentially spanning years or even decades, while aggregate risk in
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the Treasury market can change substantially. Consequently, tick-size misspecification is an inher-
ent possibility in a CLOB design with a fixed tick size, a specific form of pricing rigidity that can
generate extra inefficiency. Appendix Figure A15 provides a numerical example illustrating the
efficiency loss from such misspecification. One way to mitigate the efficiency loss from a misspec-
ified tick size is through the operation of over-the-counter trading, which is one of the implications

discussed in the next subsection.

3.3.2 Efficiency Gain from Over-the-Counter

Now I turn to the study of market structure by comparing allocative efficiency across CLOB-only,
OTC-only, and hybrid market structures. The main welfare implication is that the hybrid market
structure, in which an over-the-counter venue coexists with the central limit order book, is optimal.

I first examine the benchmark case in which there is no aggregate risk, and the allocative effi-
ciency results are presented in Figure 10. When there is no aggregate risk, as shown previously in
Corollary 3, ¢ = 0 is optimal since it replicates the Walrasian allocation, and allocative efficiency
is therefore maximized at 100% (purple). This result is independent of the level of search frictions
in the over-the-counter venue (which is negatively correlated with the search-efficiency parameter
A). This follows from Corollary 4: as long as ¢ = 0 and @ = 0, no agents use the over-the-counter
venue, so the level of search frictions is welfare-irrelevant. As previously discussed, the tick size
in this risk-free environment acts only as a wedge that distorts the allocation, and the larger the
tick size, the larger the distortion. This can be seen from Figure 10, where the allocative efficiency
under the wide-tick case (¢ = 1.5, dotted) is lower than that under the medium-tick case (¢ = 1,
dash-dotted), which is in turn lower than that under the narrow-tick case (¢ = 0.5, dashed).

Figure 10 also suggests that, in the benchmark case with @ = 0, as long as the tick size is
not set at its optimum, ¢*(0) = 0, opening an over-the-counter venue strictly improves allocative
efficiency. This can be seen by comparing allocative efficiency for A > 0 with that for 4 = 0, where
A = 0 corresponds to the absence of OTC trading. This corresponds to the aforementioned result
that the over-the-counter venue mitigates the efficiency loss due to a misspecified tick size. That is,
for a given tick size ¢ > 0, allocative efficiency increases with search efficiency A. Moreover, for a
given level of search efficiency A, comparing allocative efficiency with that under 4 = 0 shows that
the larger the tick size, the greater the distortion and, consequently, the larger the efficiency loss
recovered through over-the-counter trading.

Second, I examine allocative efficiency in the general case in which aggregate risk is present.
Which market structure is optimal depends on whether the tick size is optimal. Specifically, I present
a numerical example in Figure 11. For most levels of aggregate risk @, the hybrid market structure
(black) performs at least as well as either single-venue market structure, a CLOB-only market (red

dashed) or an OTC-only market (blue dash-dotted). The only parameter configuration in which
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Parameters: shock size @ = 0, bargaining power 6 = 0.5, type f(6) ~ U[99, 101], initial joint distribution p(q =
1,0) = kf(9), asset supply k = 0.5.

fully centralizing the market dominates the hybrid market structure in terms of allocative efficiency
is around the case in which the shock size @ happens to coincide with the level at which the fixed
tick size c is optimal (dashed vertical line, @ ~ 0.23). The main idea is therefore that centralization
is desirable only if the central limit order book is designed with the optimal tick size; otherwise,
allocative efficiency deteriorates. However, as suggested previously, there is no reason to expect
the level of risk to remain permanently at this specific value, because aggregate conditions in the
Treasury market change substantially over time. Therefore, a fully centralized market is unlikely
to be an attractive organization. By contrast, introducing a central limit order book into a market
organized solely through over-the-counter trading never reduces allocative efficiency, as can be seen
from the gap between the blue and black curves.

Figure 11 shows that the allocative efficiency of OTC trading is invariant to risk and therefore
robust, whereas the allocative efficiency of the CLOB is initially high but deteriorates sharply as risk
increases, particularly beyond the level at which the fixed tick size is optimal. This formalizes the
common intuition in the market-microstructure literature that CLOB ceases to function effectively
during periods of market stress, whereas OTC is more resilient. In fact, in Figure 11, the regions in
which the allocative efficiency of the hybrid market coincides with that of the OTC-only market are
precisely those in which the shock is sufficiently large that the CLOB becomes inactive, as shown

in Figure 8. Since no trades are executed through the CLOB in these regions, all gains from trade
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power 6 = 0.5, type f(8) ~ U[99, 101], initial joint distribution u(g = 1,8) = kf (), asset supply k = 0.5.
are realized through OTC trading, and the two allocative-efficiency therefore coincide.’®

To conclude the theoretical section, the key idea is that the trading mechanisms of the two
venues are not perfect substitutes but instead exhibit a degree of complementarity, and the key wel-
fare implication is that their coexistence constitutes the optimal market organization. The trading
mechanisms formalized in Section 3.1.2 illustrate how the central limit order book complements
the decentralized over-the-counter venue through their distinct pricing and matching mechanisms
across different aggregate environments. The CLOB performs well when aggregate risk is low
(no search inefliciencies) but deteriorates as aggregate risk increases (adverse selection concern),
whereas OTC trading is robust to aggregate risk and therefore acts as a stabilizer that improves
market resilience. In most cases, the allocative efficiency of the hybrid market structure exceeds
the envelope of the two venues operating separately, i.e., max {OTC-only, CLOB-only}, providing
direct evidence of this complementarity. The main welfare implication of the model is therefore
that the coexistence of the two venues constitutes the optimal market structure and that policymak-
ers should allow market participants to freely substitute across venues and determine the degree of
fragmentation endogenously (supporting an intuition discussed in Chapter 7 of Foucault, Pagano,

and Roell (2023)). I now turn to quantifying the model using the data.

Z6Notice that, under the CLOB-only market structure, allocative efficiency remains positive even for these values
of @. This is because venue choices respond endogenously to the market structure. When the OTC venue does not
compete with the CLOB, the CLOB is more active than under the hybrid structure. Therefore, for sufficiently large
shocks, for example when @ — 1, the CLOB remains active in the CLOB-only market, whereas the CLOB becomes
inactive in the hybrid market because all agents optimally choose to opt out of the CLOB and trade in OTC instead.
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4 Quantitative Analysis

4.1 Estimation
4.1.1 Minimum-Distance Estimator

The models with and without aggregate risk are estimated separately using different data samples.
The model without aggregate risk uses the full sample, and the model with aggregate risk uses
observations within the five minute windows before and after the shock event shown in Figure 2. 1
select this event because it is the cleanest identified shock event in the sample, exhibiting a sharp
price discontinuity that is not immediately reversed. I estimate the model without aggregate risk
using the subsample of observations whose pre-trade bid—ask spread equals one tick,?’ so that the
data used for estimation are consistent with the model equilibrium. The pre-trade bid—ask spread
equals one tick for 75% of the five-minute window preceding the shock event. This subsection
presents the estimation results for using 10-year Treasury. The remaining maturities are estimated
separately, and the corresponding results are reported in the Appendix D.

The parameters to be estimated are I' = {/1, 0,0, k}. Notice that the theoretical results in
Section 3.2 do not depend on parametric assumption for the type distribution, and a uniform distri-
bution is used in those numerical examples solely for expositional simplicity.”® For the estimation,
Iinstead assume that the type & follows a normal distribution, § ~ N (100, ), as a bell-shaped dis-
tribution is empirically more plausible than a uniform distribution. Because the location parameter
is not identified, i.e., adding a common constant to all ex-ante types leaves the model-implied mo-
ments unchanged, I normalize the mean to 100, consistent with the conventional par value around
which U.S. Treasury prices are quoted. The tick size is directly observed from the data and fixed at
¢ = 0.015625. The aggregate shock size is set to @ = 0.140625, corresponding to a nine-tick sweep
of the book, which is directly measured from the event shown in Figure 2 at the exact microsecond
when the shock arrives.

I estimate the parameters I' using a minimum-distance estimator (e.g., Gavazza (2016)) that
matches model-implied moments to their empirical counterparts. Let M9 denote the vector of em-

pirical moments and M™°%!(T") the corresponding model-implied moments. The estimator solves

[=agminQ(I), Q) = g(yWg(I), g(I) = M) - M,

, the absolute value of the j-th empirical

where the weighting matrix is W = diag (sj_.z) 8 = ‘M}ia‘a

27Using this restriction removes approximately 3% of the observations.

.. . . . . .. . BM SM
28This is because, under the uniform distribution, the limit-order filling rates ],V\,T, %T are exactly equal to the
fractions of the corresponding cutoff intervals. The only theoretical result that depends on the distributional assumption
is stated in Footnote 25.
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moment, so that the function Q measures squared proportional deviations from the data moments.

The targeted moments used for estimation are as follows. (i) The OTC market share, defined
as the number of OTC trades divided by the total number of trades across the OTC and CLOB
venues. (i1) OTC price dispersion, measured as the standard deviation of normalized OTC prices,
where normalized OTC prices are defined as P°T¢ — P*.?° (iii) OTC price skewness, defined as the
share of OTC trades executed above the contemporaneous best ask minus the share executed below
the contemporaneous best bid. (iv) Limit-order-book asymmetry, measured by the ratio of sell-
side to buy-side depth at the best quotes, x—zi, where the average sell-side and buy-side limit-order
masses, N5L and NBL, are computed as time-weighted averages. For the model with aggregate
risk, the sequential structure of the model determines the timing of the targeted moments. The first
three moments are measured using the five-minute post-shock window because, in the model, both
market-order submission (and hence CLOB trading) and OTC trading occur after the aggregate
shock. In contrast, the limit-order-book asymmetry is measured using the five-minute pre-shock
window because, in the model, limit orders are submitted before the shock. All moments are directly
constructed from the merged TRACE and BrokerTec full order book data. Together, these moments
identify the key dimensions of the model: the OTC market share disciplines endogenous venue
choice, OTC price dispersion and skewness discipline OTC pricing relative to the CLOB, and limit-
order-book asymmetry disciplines the equilibrium state of the order book.

The non-targeted moment used to evaluate the model fit is the limit-order execution probability.
In the data, it is measured as the fraction of limit orders posted at the best available quote that are
eventually executed. In the model, the corresponding moments are ¢35~ and ¢B” for the benchmark
model, and ¢5% and ¢2* for the model with aggregate risk, since the identified event corresponds to
a negative shock (the positive-shock state serves as the counterfactual for this event). I choose this
as the non-targeted moment because it implies both allocative efficiency and the adverse-selection
risk faced by limit-order traders.

Although all parameters are jointly estimated using the full set of moments, each parameter
has a primary source of identification. The search parameter A is primarily identified by the OTC
market share because, given the tick size ¢, A determines the execution certainty of the OTC venue
relative to the CLOB and therefore governs the speed—cost trade-off underlying equilibrium venue
choice, so a greater A gives a larger OTC market share. The standard deviation of the type distribu-
tion, o, is primarily identified by OTC price dispersion, as greater heterogeneity in types generates
greater dispersion in OTC transaction prices through the Nash-bargaining pricing-setting equation

(Equation 2). The bargaining-power parameter 6 is primarily identified by the skewness of the

2For the model without aggregate risk, P* is proxy by the contemporaneous mid-quote, #. For the model with
aggregate risk, OTC prices are normalized relative to the pre-shock (ex ante) mid-quote. The normalized prices are
winsorized at the 2% level before computing the standard deviation to reduce the influence of outliers in observed OTC
transaction prices.
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OTC price distribution because it determines the relative weights placed on buyers’ and sellers’
valuations in the Nash-bargaining price. Finally, the asset supply k is primarily identified by the
limit-order-book asymmetry, N5%/NBL through the aggregation equations for equilibrium limit-
order masses (Equation 13), because a larger asset supply increases the mass of agents who own
the asset and can therefore provide more sell liquidity to the market. Figure A16 and Table A1 in
the Appendix present a total of 16 (4 X 4) numerical comparative statics illustrating and explaining

the parameter identification.

4.1.2 Estimation Results

The estimation results for the benchmark model without aggregate risk are reported in Table 3. The
benchmark equilibrium achieves 87.06% allocative efficiency; equivalently, 12.94% of the first-best
gains from trade remain unrealized, i.e., misallocation. Scaling the model-implied welfare measures
per unit of trading volume by the $890.90 billion in observed trading volume in the estimation
sample yields approximately $401.46 million in realized gains from trade and $59.66 million in
misallocation. The benchmark model closely matches all targeted moments but overpredicts the
non-targeted limit-order execution probability. One possible explanation is that, in the data, many
limit orders are actively canceled or revised before execution, reducing the observed execution
probability relative to the model.>* Nevertheless, the model correctly predicts that the majority of
limit orders (i.e., more than half) remain unfilled. Because the benchmark model overpredicts the
execution probability of limit orders, the estimated allocative efficiency should be interpreted as an
upper bound on the true allocative efficiency.

The estimation results for the model with aggregate risk are reported in Table 4. The model
with aggregate risk matches both the targeted and non-targeted moments. In particular, it correctly
predicts the asymmetric execution probabilities of buy and sell limit orders following a negative
aggregate shock. After the negative shock, all buy limit orders resting at the best bid are executed,
whereas none of the sell limit orders resting at the best ask are executed. This asymmetric execution
pattern is consistent with adverse selection against resting limit orders following a common-value
shock, supporting the model’s sequential trading structure and Proposition 4.

Comparing the estimation results in Tables 3 and 4 provides further validation of the param-
eterization. First, agents are more heterogeneous in the risk environment than in the benchmark
environment, with the estimated standard deviation ¢ approximately doubling. This widening of
type dispersion can be rationalized by the microfoundation in Duffie, Garleanu, and Pedersen (2007)

as an increase in the scale of the risk being hedged. Second, the over-the-counter venue is estimated

30The model treats all limit orders as firm commitments to trade. In practice, however, some limit orders are actively
revised or canceled and therefore may not represent firm trading intentions. For example, some limit-order quotes are
revised a dozen times within a single second or canceled very shortly after submission.
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Table 3: Benchmark Model without Risk: Parameter Estimates and Model Fit

Panel A. Targeted Moments Data Model
OTC market share 0.2112  0.2112
OTC price dispersion 0.0112  0.0112
OTC price skewness 0.0131  0.0131
Limit order book asymmetry 0.9763  0.9763
Panel B. Estimated Parameters Symbol  Value
Search efficiency in OTC A 0.9339
Type standard deviation o 0.0322
Bargaining power in OTC 6 0.5045
Asset supply k 0.4978
Panel C. Non-targeted Moment Data Model

Sell limit order execution probability  11.64% 45.71%
Buy limit order execution probability 11.41% 46.69%

Panel D. Welfare Analysis
Allocative efficiency 87.06%

Notes: Panel A compares the empirical moments with the model predicted moments. Panel B reports the estimated
parameter values. Panel C reports the non-targeted moment as test of model fitness. Panel ]? reports the model-implied
allocative efficiency at the estimated parameter values. The minimized criterion value Q (I'genchmark) = O-

to be substantially more search-frictional in the risk environment, as reflected in the sharp decline in
the estimated search efficiency parameter A. Third, in the benchmark environment, the estimated
bargaining power parameter @ is close to 0.5, consistent with approximately symmetric bargain-
ing power between the two sides of the market. Following the negative shock, however, bargaining
power becomes asymmetric. Although the smaller estimated value of § may appear counterintuitive
following a negative shock, one possible interpretation is related to the adverse selection faced by
buy limit orders submitted by initial non-owners. In the negative state, buy limit orders are adversely
executed, converting initial non-owners into post-CLOB owners and making the subsequent OTC
trading opportunity more valuable for rebalancing their asset holdings. Consequently, the smaller &
implies a greater expected OTC surplus for post-CLOB owners, as reflected in Equation 5. Finally,
the estimated asset supply parameter k varies little across the two environments, as expected, since
secondary-market trading reallocates ownership but does not change the outstanding amount of a
given Treasury CUSIP.

These two tables reveal that allocative efficiency differs substantially across aggregate states.
Taken together, they suggest that allocative efficiency is high when the market is not subject to
aggregate risk but deteriorates sharply during periods of aggregate risk. The two venues together
achieve about 87% of the first-best allocation in the environment without aggregate risk (Table 3,
Panel D), but only about 4% during the identified negative shock event (Table 4, Panel D). These
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Table 4: General Model with Negative Shock: Parameter Estimates and Model Fit

Panel A. Targeted Moments Data  Model
Post-shock OTC market share 0.0785 0.0785
Post-shock OTC price dispersion 0.0412 0.0412
Post-shock OTC price skewness 0.0438 0.0438
Pre-shock limit order book asymmetry  1.1574  1.1574
Panel B. Estimated Parameters Symbol Value
Search efficiency in OTC A 0.0020
Type standard deviation o 0.0604
Bargaining power in OTC 0 0.4142
Asset supply k 0.4850
Panel C. Non-targeted Moment Data  Model
Sell limit order execution probability 0% 0%

Buy limit order execution probability 100% 100%
Panel D. Welfare Analysis

Allocative efficiency 4.07%

Notes: Panel A compares the empirical moments with the model predicted moments. Panel B reports the estimated
parameter values. Panel C reports the non-targeted moment as test of model fitness. Panel ]? reports the model-implied
allocative efficiency at the estimated parameter values. The minimized criterion value Q (I'NegativeShock) = 0.
findings suggest that persistent aggregate risk can substantially impair market allocative efficiency,
thereby creating scope for welfare-improving Federal Reserve intervention. Moreover, even in the
benchmark environment, the market does not attain the first-best allocation because the tick size
acts as a wedge that distorts the allocation, thereby creating scope for welfare-improving tick-size
reduction. Section 5 analyzes both policies in detail.

Figure 12 plots the distribution of transaction prices relative to the efficient price P* separately
for each venue. The price deviation P — P* measures the markup (or markdown, if negative) relative
to the efficient price. This figure illustrates that the design of trading mechanisms can generate
and shape the distribution of markups, even in the absence of market power, as in this paper’s
competitive model. The figure also highlights a limitation of the model: OTC transaction prices
exhibit bunching at focal price levels, such as the CLOB best bid, best ask, and midpoint, which

the model cannot fully replicate.

4.2 Counterfactual: Alternative Market Structures

I calculate allocative efficiency under two alternative market structures, CLOB only and OTC only,
at the estimated parameter values I benchmark, and compare it with the current hybrid structure. The

CLOB-only counterfactual is implemented by setting A = 0, while the OTC-only counterfactual is
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Figure 12: Distribution of Transaction Prices by Trading Venue

Notes: This figure plots the cumulative distribution functions (CDFs) of transaction prices relative to the efficient price
P, expressed in ticks, separately for the Central Limit Order Book (CLOB, left panel) and Over-the-Counter (OTC,
right panel) venues. Here, P* denotes the mid-quote, while the vertical lines labeled B and A indicate the prevailing best
bid and best ask on the CLOB, respectively. The solid curves represent the empirical distributions, while the dashed
curves represent the model-implied distributions based on the parameter estimates reported in Table 3. The relative
market share between the two venues is already captured as a targeted moment.

implemented by removing the CLOB trading stage from the model, such that the joint distribution
satisfies g@7C = u, holding A fixed. The results presented in Table 5 show that the current hybrid
structure yields higher allocative efficiency than either counterfactual market structure.

Speaking to the policy debate on how to improve the efficiency of opaque over-the-counter mar-
kets, the policy implications are twofold. First, proposal to fully centralize the market by eliminating
over-the-counter trading is not optimal. This follows from comparing the allocative efficiency of the
current hybrid structure with that of the CLOB-only counterfactual (85.54%). Second, introduc-
ing a central limit order book alongside a traditional over-the-counter market can be optimal. This
follows from comparing the current hybrid structure with the OTC-only counterfactual (65.75%),
which increases allocative efficiency by about 21 percentage points. The first policy implication
cautions against radical proposals for market de-fragmentation that would consolidate trading into
a single centralized venue, while the second supports market designs that have already been intro-
duced in practice. For example, under the Dodd—Frank Act, Swap Execution Facilities (SEFs) allow
swaps to be traded through central limit order books as well as through other trading protocols, such

as request-for-quote.

Table 5: Allocative Efficiency Across U.S. Treasury Secondary Market Structures

Market Structure Allocative Efficiency
Current hybrid structure: CLOB and OTC 87.06%%
Counterfactual: CLOB only (full centralization) 85.54%
Counterfactual: OTC only (no centralization) 65.75%

50



4.3 Quasi-Experiment: Tick Size Reduction

I use the tick-size reduction as a quasi-experimental shock to test the model. On November 19,
2018, BrokerTec reduced the tick size for the 2-year on-the-run U.S. Treasury by half. According
to CME Group, the purpose of this change was to “allow more precise hedging and price discov-

ery. »31

Their argument that a smaller tick size improves price discovery is captured in the model
by introducing the tick size as a wedge around the efficient price P* (Equation 1). Therefore, a
smaller tick size brings transaction prices closer to the efficient price and, in this sense, improves
price discovery.

I borrow the summary statistics from Table 2 of M. Fleming, Nguyen, and Ruela (2024), which
studies this shock using a reduced-form approach. Both their Table 2 and CME Group’s report’”
show that the average daily volume on the CLOB increased by approximately 30%, from $20 billion
before the tick-size reduction to $26 billion afterward.

I therefore use the model to compute CLOB volume under the original tick size, ¢, and compare
it with the CLOB volume under the reduced tick size, ¢’ = %c, holding the estimated parameter

values fixed at I'genchmark. The percentage change in CLOB volume is calculated as

CLOB Volume(f‘Benchmark, %C) - CLOB VOlume(fBenchmark, c)
CLOB Volume(I'genchmark ¢)

Change in CLOB volume =

The model predicts that reducing the tick size by half increases CLOB volume by 14.16%, which

has the same sign as the increase observed in the data, although the model-implied effect is smaller.

5 Normative Policy Analysis

Motivated by the importance of the U.S. Treasury secondary market in global macro-finance, this
section uses the model to study two normative questions. First, in Section 5.1, I study the optimal
tick size along the yield curve. Recall that, in the model, the parameter @ can be interpreted as
the volatility (risk) of the asset. Since the volatility of Treasury securities differs across maturi-
ties, the optimal tick size should also vary across maturities. In other words, the optimal tick size
should itself exhibit a term structure, and I use the estimated model to characterize this optimal
term structure. Second, in Section 5.2, I study the optimal size of Federal Reserve asset purchases
and their welfare implications. The Treasury secondary market has experienced several episodes of

dysfunction over the past decade, during which the Fed intervened by purchasing Treasury securi-

31CME Group, “Smaller Ticks, Lower Costs: BrokerTec Reduces 3-Year MPI,” available at https://www.cmegroup.
com/education/articles-and-reports/smaller-ticks-lower-costs-brokertec-reduces-3-year-mpi.

32CME Group, “Smaller Ticks, Lower Costs: BrokerTec Reduces 3-Year MPI,” available at https://www.cmegroup.
com/education/articles-and-reports/smaller-ticks-lower-costs-brokertec-reduces-3- year-mpi.
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ties to support market functioning.’® I use the model to calculate the amount of Treasury securities
that the Fed would need to purchase following a negative aggregate shock to correct the resulting
asset misallocation and assess the associated welfare improvement.

These two normative analyses are grounded in the theoretical and quantitative findings of the
previous sections and apply to different market environments: normal times and periods of market
stress. As Figure 11 and Table 3 show, when aggregate risk is sufficiently small, the current hybrid
market structure, in which the two venues coexist, functions well and achieves a high fraction of
the first-best allocation. Radical interventions, such as fully centralizing the market, are therefore
unnecessary. Instead, the policy focus should be on setting the tick size optimally so that the mar-
ket itself can achieve high allocative efficiency, in particular because allocative efficiency is mainly
achieved by the CLOB and tick size is its design parameter. In contrast, when aggregate risk is suf-
ficiently large, even the coexistence of the two venues cannot generate high allocative efficiency, as
shown in Figure 9, Figure 11 and Table 4. In such periods of market stress, improving market de-
sign through the choice of the tick size alone may therefore be insufficient, creating a role for direct
intervention. Ex post Fed asset purchases can correct post-trade asset misallocation by absorbing
assets from inefficient holders.

That said, the calculations in this section are back-of-the-envelope and therefore serve primar-
ily to shed light on the normative policy implications of the model rather than to provide precise
quantitative prescriptions. In this sense, these exercises should be interpreted as more qualitative
than quantitative. For example, the optimal tick size for the current U.S. Treasury market may dif-
fer from that implied by the sample period used in this paper because the level of aggregate risk
varies over time. Similarly, a precise quantitative assessment of the appropriate amount of Fed-
eral Reserve purchases during a stress episode would ideally use data from that particular period.
Therefore, this section primarily provides a welfare rationale for which policy tools are appropriate

under different market environments, clarifying several policy debates and the regulatory agenda.

5.1 Term Structure of Tick Sizes

The optimal tick size c¢* for each Treasury maturity b is calculated using the benchmark parameter
estimates for that maturity, fb,Benchmark, as follows. First, for each maturity b, I identify common-
value change episodes in the data following the procedure outlined in Appendix A and estimate the
size of each common-value change. I then compute the empirical frequency of each change size.
I denote the resulting distribution for maturity b by H,(a). Next, for each common-value change

size @, I conduct a grid search to find the corresponding optimal tick size, ¢*(a; IA“b,BenChmark) =

3For background, see Lorie Logan’s speech, available at https://www.newyorkfed.org/newsevents/speeches/2020/
1og200715. Logan, who served as Manager of the System Open Market Account (SOMA) during the COVID-19 crisis,
emphasized the importance of market functioning and the role of Federal Reserve purchases in supporting it.
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Figure 13: Estimated Optimal Tick Size Across U.S. Treasury Maturities

arg max,. Allocative Efficiency(c, a; f‘b,BenChmark). Finally, I calculate the average optimal tick size

over this distribution as

ap
Cz = / c(a; I-‘b,Benchmark) dHp(a),
0

where @, is the largest observed shock size for each maturity b.

Figure 13 presents the estimated optimal term structure of tick sizes for U.S. Treasuries. The
optimal tick sizes are smaller than the prevailing tick sizes in the sample period, with the same order
of magnitude.** However, as emphasized previously, aggregate risk varies over time, whereas tick
sizes remain fixed for relatively long periods. This mismatch can lead to misspecified tick sizes and
generate inefficiencies, which are partially mitigated by the presence of the over-the-counter.

Implementing the optimal tick size is beyond the scope of this paper, but several approaches are
possible in practice. One approach is to mandate the tick size directly through regulation. Alterna-
tively, a market-based approach requires identifying why the observed tick size deviates from the
optimum. If a trading platform chooses a tick size that is not optimal because its private objective
of maximizing trading volume, and hence commission profits, differs from the social objective of
maximizing allocative efficiency, policymakers could use taxes to better align these objectives. By
contrast, if reductions in the tick size are constrained by the technological capacity of the trading

platform’s IT infrastructure, subsidies for technological investment could be helpful.

3*This figure uses data from Sep 2022. BrokerTec subsequently reduced the tick sizes for the 5-year and 10-year
U.S. Treasuries by half on June 28, 2026. The current tick sizes are 0.00390625 for the 5-year Treasury and 0.0078125
for the 10-year Treasury.
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5.2 Fed Purchases Program

I measure the optimal Fed purchase quantity by the amount of the asset that remains in the hands
of inefficient holders after market trading concludes.’> The welfare rationale is grounded in the
theoretical finding that allocative efficiency is low when aggregate risk is high, thus creating scope
for Fed intervention to correct the asset misallocation that market trading fails to resolve, leaving
an ex post misallocation.>®

Define the ex post misallocation share in the negative state, M_, as

1 F~1(1-k)
M_ = E/(; A-(1,0) do,

F~1(1-k)
L_E_/ [F7'(1-k) -] a-(1,9) ds,
)

M_ is the ex post share of the asset held by agents to whom the first-best allocation would not
assign it, and £ _ is the corresponding value-weighted welfare loss. Scaling by the asset outstanding

amount K, the optimal Fed purchase quantity and the resulting welfare improvement are

LK

- =M.K, AW_ ,
Q-=M 100

where the factor 100 accounts for values being quoted per $100 of par, so that AW_ is in dollars.

Figure 14 plots M_ against the size of the shock using the parameter estimates fNegativeShock.
The ex post misallocation is non-decreasing in aggregate risk and is upper bounded by the ex post
misallocation when aggregate risk is sufficiently large that the CLOB becomes inactive, i.e., a mar-
ket failure in which no trade occurs through the CLOB, and the level of this upper bound is then
determined by the search efficiency of the OTC venue.

Scaling by the actual outstanding amount of U.S. Treasuries during the COVID-19 period, Table
6 presents the estimated optimal Fed purchase quantity Q_ and the corresponding welfare improve-
ment AW_ during the COVID-19 crisis. To calculate these quantities, I set K = 36 billion, the

outstanding par amount of the on-the-run 7-year U.S. Treasury during this period. I use this 7-year

33This interpretation is conditional on the Fed holding the asset at a lower social cost than the misallocated private
agents. In the language of the model, this corresponds to assigning the Fed an ex ante type 67 > F~!(1 — k), which
can be microfounded by a relatively low holding cost. This seems plausible during the COVID-19 period, when many
private agents faced balance-sheet constraints and therefore had sufficiently high holding costs. Under this assumption,
Fed purchases transfer the asset from inefficient private holders to the Fed, allowing those private agents to successfully
execute the sale of their assets.

35This is because fewer limit orders are submitted, limiting the amount of trade that can be executed through the
CLOB, and because the quantitative results suggest that search frictions in the OTC venue may also worsen during
periods of market stress, further limiting the amount of trade that can be realized through the OTC venue. Together,
the market fails and leaves a large ex post misallocation.
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Figure 14: Model-Implied Share of Misallocated Assets, Post-Trade

Treasury because it is the only Treasury security that was on-the-run during the most severe crisis
period (March 9-March 23) and was subsequently purchased by the Fed during the main interven-
tion period (March 24—April 30), thereby providing an observed setting in which to evaluate the
model’s prediction. The choice of these periods follows He, Nagel, and Song (2022) and Duffie,
M. J. Fleming, et al. (2023). I estimate the shock size o during the crisis period by calculating the

mean of the daily standard deviations of transaction prices.?’

Table 6: Estimated Optimal Fed Purchase Quantity during the COVID-19 Crisis for One Bond

Estimated Shock @ Misallocated Share M_  Fed Purchase Quantity Q_ Welfare Gain AW_
0.33 51.45% 18.52$bn par 9.08 $mn

The results in Table 6 imply an optimal Fed purchase of approximately 18.52 billion of this
single Treasury security, generating a welfare improvement of approximately 9.08 million. In the
data,’® the Fed purchased 15.83 billion in par value of this bond during the main intervention pe-
riod. The model slightly overestimates the actual purchase quantity. This is because, given the
estimated shock size of 0.33, the model predicts an inactive CLOB and very small volume of OTC
trading at the estimated parameter values f‘NegaﬁveShock, whereas the CLOB remains active in the
data.®® Consequently, the model generates a larger amount of ex post asset misallocation (almost

as in autarky) and a larger model-implied Fed purchase quantity (which can be viewed as an upper

3TRecall that, in the model, the variance of the efficient price is a2, and hence its standard deviation is «.

38Data source: Federal Reserve Bank of New York, Qutright Purchases and Sales of Treasury Securities, https:
/Iwww .newyorkfed.org/markets/OMO_transaction_data.html. The data suggest that almost all Fed purchases were
off-the-run Treasury securities, for which BrokerTec does not provide a CLOB trading platform.

39 Although CLOB is less active than in the pre-crisis period, as the model predicts.
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bound). As discussed above, the primary purpose is to provide a welfare rationale for Fed interven-
tion, i.e., due to the large-scale ex post asset misallocation when the market fails and freezes, rather

than a precise quantitative prescription for the size of such an intervention.

6 Conclusion

This paper studies a market-design issue in the U.S. Treasury secondary market, where decentral-
ized over-the-counter trading coexists with the central limit order book and fragments the market.
I develop a venue-choice model and use granular Treasury trading data to quantify the allocative
efficiency of this fragmented market structure. The main result is that the fragmented structure
is optimal and that the two trading mechanisms play complementary roles across different aggre-
gate market conditions. When aggregate risk is low, the centralized venue dominates trading and
achieves high allocative efficiency through direct matching, avoiding the inefficiency associated
with the search frictions of over-the-counter trading. When aggregate risk is high, trading shifts
toward over-the-counter, which sustains market functioning because flexible negotiated pricing is
not exposed to the adverse selection generated when rigid quotes become stale and are picked off
following changes in the asset’s common value. Therefore, the hybrid structure enables gains from
trade across different aggregate environments and thus improves market resilience, a concern that
has received substantial attention in both the academic literature and policy discussions.

More broadly, the paper shows that fragmentation can be an efficient market structure. This
may help rationalize why the coexistence of a central limit order book and decentralized over-
the-counter trading is common across countries, including government bond markets in the U.S.,
Europe, and China. The results should, however, be interpreted in light of several limitations. First,
the trading mechanisms considered here may represent only a subset of those used in practice, and
the implications for allocative efficiency may change when additional mechanisms coexist. The
estimated result that over-the-counter transaction prices exhibit bunching at focal price levels might
be empirical evidence that other pricing mechanisms not accounted for here are at work. Second,
even within the two venues studied here, several potentially important features are abstracted from,
including time priority in limit order book matching and the role of order size, as evident from the
regression results. Incorporating these features may require a richer framework, such as a dynamic
model with divisible assets. Centralization versus decentralization is a long-standing question in the
organization of industries, and the increasing availability of detailed data may allow future research

to study this question in greater depth.
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Figure Al: Time-Weighted Share of Trading Time with a One-Tick Quoted Bid—Ask Spread

Notes: This figure uses data for the on-the-run 10-year U.S. Treasury.
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Notes: This figure uses data for the on-the-run 10-year U.S. Treasury.
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Notes: This figure plots the intraday venue shares for bank dealers and non-bank dealers. For each dealer type, the
denominator is the total number of trades by that dealer type within each 10-minute interval, and the figure reports
the fractions of these trades executed through market orders and limit orders, respectively. As shown in the figure, the
market-order share of bank dealers increases sharply during the final 30 minutes before market close (blue solid line),
whereas the corresponding increase for non-bank dealers is much smaller. The data construction used in this figure
and Table 1 differs from that used in the rest of the empirical analysis because trader-type information is available only
in TRACE. I therefore use ATS transactions reported in TRACE as a proxy for CLOB trading and match transaction
prices to the best bid and ask observed in BrokerTec at the same second. A transaction through ATS is classified as an
aggressive (market) order if it is a sale at or below the best bid or a purchase at or above the best ask, and as a passive
(limit) order if it is a sale at or above the best ask or a purchase at or below the best bid. Although ATS trading does
not correspond exactly to CLOB trading, the proxy is suitable for the purpose of the analysis here, which is to examine
whether traders are willing to pay a price premium (crossing the bid—ask spread) for more certain execution.
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Notes: This figure uses CLOB transaction data for the on-the-run 10-year U.S. Treasury on September 12, 2022.

Internet Appendix — p.2



95.95 X X & ® x  Buy Market (Hit the Ask)
) Sell Market (Hit the Bid)
Negative Shock
95.90
a X8
(]
© 95.85
2
=
a
x
95.80 %
C x
X @ XOMmX 8 ® x0T
95.75 ® o @s® © @B O X
x
] AN L S o N
e < bq?) n“a S .06’} n“’b
N3 & & N N N N

Time

Figure AS: Market Order Flow Following the ISM PMI Release at 10:00, Sep-01-2022

Notes: This figure uses CLOB transaction data for the on-the-run 10-year U.S. Treasury.
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Figure A6: Market Order Flow Following the Official CPI Release at 08:30, Sep-13-2022

Notes: This figure uses CLOB transaction data for the on-the-run 10-year U.S. Treasury.
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Figure A7: Market Order Flow Following the FOMC Announcement at 14:00, Sep-21-2022

Notes: This figure uses CLOB transaction data for the on-the-run 10-year U.S. Treasury.
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Figure A8: Sell-Market-Initiated Transaction Share on the CLOB Across Event Types

Notes: This figure reports the share of trading initiated by sell market orders across positive-shock, negative-shock,
and non-shock periods, using all identified common-value shocks in the sample (with the remaining share initiated
by buy market orders). During non-shock periods, market order flow is approximately balanced between buys and
sells (dashed horizontal lines, around 0.5). Following negative shocks (right box in both panels), the sell-market-order
share rises above one-half, indicating that sell market orders dominate and execute against resting buy limit orders.
Following positive shocks (left box in both panels), the pattern reverses: the sell-market-order share falls below one-
half, indicating that buy market orders dominate and execute against resting sell limit orders. Thus, common-value
shocks systematically generate excess market order flow in the direction of the price change, exposing resting limit
orders on the opposite side to adverse selection.
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Shock Identification I identify 99 common-value change episodes for the on-the-run 10-year
U.S. Treasury over the 21 trading days in September 2022. I first identify monotonic price runs,
each beginning at a local price extremum where the price starts moving in one direction and ending
at the next local extremum before the direction reverses. I then classify a run as a common-value
change episode if it satisfies three criteria: (1) the cumulative price movement exceeds 10 basis
points; (2) the movement is not immediately and substantially reversed, defined as an opposite
movement beginning within 60 seconds and retracing at least 50% of the original movement; and
(3) the episode lasts less than 126 seconds, the average waiting time before execution for limit
orders on the on-the-run 10-year U.S. Treasury, ensuring that the identified change occur within
the relevant execution horizon and thus capture the payoff-relevant adverse-selection risk faced by
limit-order traders. For each common-value change episode, the shock size is measured as the
difference between the maximum and minimum prices observed during the episode.

The first criterion excludes ordinary price fluctuations arising from limit order book mechanics,
such as bid—ask bouncing, which typically involves movements of only one or two ticks. The sec-
ond distinguishes common-value changes from transitory price movements driven by immediate
liquidity needs, such as large market orders walking the book. The third ensures that the identi-
fied episodes occur within the average execution horizon of resting limit orders and are therefore
payoff-relevant for limit-order traders. Together, these criteria identify large and persistent price
movements over short intervals, which this paper interprets as common-value shocks. The identi-
fied episodes include major macroeconomic announcements, such as the PMI release on Sep 1, the
CPI release on Sep 13, and the FOMC decision on Sep 21.

I apply the same identification procedure to U.S. Treasuries of other maturities, adjusting only

the third criterion to use the corresponding average limit-order waiting time for each maturity.
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B Appendix: Derivations and Proofs

Derivation of the Continuation Value in Equation 5. 1 first explain the OTC matching. The OTC
matching proceeds in three steps. First, agents are randomly selected from each side of the OTC
venue into a matching pool. Second, the selected owners and non-owners are randomly paired
one-to-one. Third, within each pair, trade occurs if and only if there are positive gains from trade.
Let
MO7C = Y min { NOTC=0, NSOTC—NO}

denote the total mass of pairs formed in the OTC venue, where A € [0, 1] is the search efficiency
(matching-rate) parameter. That is, the OTC venue forms a fraction A of the maximum feasible
number of pairs, which is determined by the short side of the market.

orc
MS

Given , amass MPTC of agents is randomly selected from each side of the OTC venue

into the matching pool. Therefore, the probability that a given owner is selected into the matching

pool is
MSOTC i {1 N?TC—NO }
NOTC-0 NOTC-0

whereas the probability that a given non-owner is selected into the matching pool is

MOTC oTC-0
— = A min {l S—}
= , .
NSOTC_NO NSOTC—NO

The selected owners and non-owners are then randomly paired one-to-one. Conditional on be-
ing selected into the matching pool, an agent is therefore randomly paired with an agent from the
opposite side of the market, whose valuation is distributed according to the normalized valuation
distribution on that side. Importantly, being paired does not necessarily imply trade: after a pair is
formed, trade occurs only if there are positive gains from trade.

Consider an owner (¢ = 1) of type d. Her valuation for holding the asset in state s is
Vo =0 + €.

Conditional on being selected into the matching pool, let v denote the valuation of the non-owner
with whom she is randomly paired, where

OTC-NO
v~ g .

For a given pair, trade occurs if and only if there are positive gains from trade,

V>V, =0+ €.
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Under Nash bargaining, conditional on trade occurring, the OTC transaction price is
p°TC = v, + (1 - O)v.
Therefore, the owner’s surplus from selling the asset is

pOTc—vg =0v,+(1=-0)v—v,
=(1-0)(v-v,)
=(1-0)(v-(s+¢)).

Since the owner is selected into the matching pool with probability

OTC-NO
. N
Amin { L W} :
S
integrating over the possible non-owner counterparties with whom she may be randomly paired,
weighted by their density g?7¢=VO(v), and restricting to pairs for which trade occurs, v > 6 + €;,

gives the owner’s expected OTC surplus:

/lmin{l,ﬂ}/ (1-0)(v—(6+€))g?" N (v)dv.
NSOTC_O V>0+€g A

Since the OTC term captures only the surplus from selling relative to holding the asset, i.e., the
gains from trade, the owner’s payoff 6 + €; from holding the asset must also be accounted for. Thus,

the total continuation value is

u(l,0,s) = 0+ ¢
——
flow payoff
OTC-NO

. s OTC-NO
+A(1 —H)mln{l,W} /V>6+€S (v— (6 +€))gs (v)dv.

expected surplus from OTC

The continuation value on the non-owner side, u(0, 6, s), is constructed symmetrically.

O

Proof B.1 (Proof of Lemma 1). Fix a state s. Since an individual agent is atomistic, the aggregate

oTC-0 OTC-NO
2

equilibrium objects, quantities N97¢=0 NOTC-NO an{ the distributions g¢ s

and g are

taken as given when differentiating with respect to the individual type 6.
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First, consider

OTC-NO o0
u(l,8,s) =6+¢ +A(1-0) min{l, ]\;—}/ (v—(6+¢y)) gSOTC_NO(v) dv.

orc-o
s

+€g

By the Leibniz integral rule,

% : ) (v—(0+¢)) 850TC_N0(V) dv = — [(v - (0 +€)) gSOTC_NO(v)]V:&JrES

+/‘°° 0 [(v—(6+es))g TC_NO(V)] dv
B

ve, 06
T
0

+€g

where the boundary term is zero because v — (6 + €;) = 0 at v = d + €. Therefore,

(')u(l 6 S) NOTC—NO 00 OTC-NO
T /l(l - 0) min { W /+ES 8 (V) dv.

Second, consider
NOTC-0 S+ o0
u(0,5,s) = A0 min {1, W} [Oo (6+e—v)gy “Z(v)dv.
Applying the Leibniz integral rule again gives

0 0+é€g

% (6 + € — V) gSOTC_O(V) dv = [(5 + € — V) g?Tc_O(V)]V:(;_,_ES

0+€g 0
+ / % [(6 + € —V) g TC_O(V)] dv

O+€g -
= / g7 0 (v) dv,

o0

where, again, the boundary term is zero because 6 + €, — v = 0 at v = § + €. Therefore,

0u(0’ 5, S) . NOTC—O O0+€; ~
T = 160 min {1, m / g?TC O(V) dv.
s —00

(AL)

(A2)

Letting G97¢~9 and GY7¢~NO denote the corresponding cumulative distribution functions,
ou(1,0,s) ore-No OTC-NO
— s = A(l—@)mln{ OTC 5 [1 GOTCN (5+65)],
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0u(0, 8, s) _ Jree _
T :ﬂ@mln{l,m GSOTC 0(5+€s)-
N

Thus, for the reservation value R(d, s) = u(1,6,s) —u(0, 4, s), I obtain

OR(6,s) 0u(l,6,s) _ 0u(0,9,s)

ER a6 a6
=1-A(1-0) min{l, %} [1-GOTCNO(5 + )]
Ny
oTC-0
— A6 min {1, W} GOTC0 (5 + ¢)

OTC-NO
N

oTC-0

)
Since

OTC-NO
min {1, W} [1 - G?TC—NO(é + Es)] c [0’ 1]
and
oTC-0
min {1, m} G?Tc_O(é + Es) € [O, 1],

the term in brackets in (A3) is a weighted average of two numbers in [0, 1], with weights 1 — 6 and
6,and 6 € [0, 1]. Hence,

OTC-NO

oTC-0
0 < |(1-6) min {1, W} [1-GY7CNO(5 + €,)| +0 min {1 } GO (s+ey) | < 1.
N

N
b
NSOTC_NO

Therefore, for A € [0, 1],
R
ORGC.9) Sy _aso0.
06

It follows that R (9, s) is weakly increasing in .

Proof B.2 (Proof of Lemma 2). By the previous Lemma 1, R(J, s) is weakly increasing in ¢ for
every state s. Hence,
A—R(6,5)

is weakly decreasing in ¢, while
R(6,5) - B

is weakly increasing in ¢.
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Since the min {-, 1} operators for ¢3* and ¢B% imply that 1 — ¢35~ > 0 and 1 — 5L > 0 for every
state s, it follows directly that
A(1,8;A,¢) =B, [(1-¢55) (A= R(5,5))] - ¢

is weakly decreasing in d, whereas
A(0,6;B,c) = E, [(1 - ¢5F)(R(6,5) - B)| — ¢

is weakly increasing in o.

Proof B.3 (Proof of Proposition 1). For analytical simplicity, in this proof, I consider a special

case where k = % and 6 ~ U[§, 5]. The Walrasian price is

. . 5+46
Pr= P —k) = ==

Consider first a positive tick size ¢ > 0. Since @ = 0 and A4 = 0, an agent of type ¢ values the asset
at 6. Let the bid—ask spread be m ticks of size ¢, where m € {1,2,3,...}. The ask and bid are

1 1
A:P*+§mc, B:P*—Emc.

I first solve the sorting problem conditional on A and B. I conjecture that limit orders are only

partially executed, while market orders execute with certainty:
#SL < 1, #BL < 1, @M = gBM _ .

Consider an initial owner with type 6. The owner has three choices: hold the asset (H), sub-
mit a sell market order (SM), or submit a sell limit order (SL). Under the conjectured execution

probabilities, the corresponding choice-specific value functions are

vH(1,6) =6,
vSM(1,6) = B,
VSE(1,6) = ¢5FA + (1 — ¢51)6.

The slopes of these three value functions with respect to ¢ are, respectively,

1, 0, 1 - ¢35t
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Under the conjecture that 0 < ¢ < 1, these slopes satisfy

0<1-¢t<l.

Value

A

6SL—1 5SL—2

Figure A9: An Illustration of Choice-Specific Value Functions for Owners

Thus, as shown in Figure A9, the sell-market value is the flattest in § (blue), the value from
holding the asset is the steepest (black), and the sell-limit value has an intermediate slope (red).
Therefore, the owner’s optimal venue choice is characterized by two cutoff types, each determined
by a single crossing between two value functions. Employing Definition 4, in this frictionless equi-
librium, 655~! denotes the type indifferent between submitting a sell limit order and a sell market
order, and 6322 denotes the type indifferent between submitting a sell limit order and holding the

asset. The upper envelope of these value functions therefore implies that owners sort according to
<ot tisMm,  Sl<e<sPiSL, 6> 657 H
The two cutoff types satisfy the indifference conditions

(bSLA + (1 _ ¢SL)6SL—1 = B, (A4)
¢SLA + (1 _ ¢SL)6SL—2 — 5SL_2. (AS)

Given the optimal venue choice characterized above and the uniform type distribution, the sell-
market and sell-limit order masses expressed in Equations 13 and 14 have the following closed-form

expressions
NSM — _L (5SL—1 —Q), NSL — _L

(5SL—2 _ 6SL—1) .
5-¢ -6
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By symmetry, which requires k = 1 — k and hence k = %, I have NBM = NSM_ Therefore, the

consistency condition in Equilibrium Definition 1 requires

SL_ NBM _ NSM
¢ = NSL — NSL
55 (0571 =)
- % (5SL—2 - 5SL—1)
5SL—1 _ é
T §SL—2 _ gSL-1° (A6)

Equations (A4)—(A6) jointly determine the two cutoff types and the execution probability through

a system of three equations in the three unknowns §52=!, 522, and ¢5%. From rearranging (A5),

5572 = A,
Substitute 512 = A into Equation (A6)
SL-1
¢SL _ o —9
A= §SL-1”

and rearrange
¢SL(A _ 5SL—1) — 5SL—1 -4,

Meanwhile, Equation A4 can be rearranged as

#SL(A = 651y = B — 55171,

Therefore,
B — §SL-1 = §SL-1 s,
and hence
ssL-1_BF2
7

Substituting 65172 = A, 6511 = ¥ into Equation A6

B+d
oL 2 2 B-o
A—# 2A-B-9¢
USing nic mc
A=P+—, B=P - —,
2 2
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this becomes

¢St = P -6
* 3mc”
P e

0 < ¢3L < 1. Recall that the execution probabilities are determined by ¢ = min {]ng , 1} , pBM =

Since m > 1 and small ¢ > 0, I have mc > 0. Therefore, the expressions above imply that

. s . ‘ )
min {—1{]\]3,@, 1} . Since ¢S < 1, it follows that ]X,% < 1, and hence ,IVVT; > 1, and hence ¢5M = 1.

By symmetry, I have ¢5¥ = ¢BM = 1. Thus, the conjectured execution pattern is verified.
I next determine the equilibrium bid—ask spread. Employing Corollary 2, the gain from devia-

tion in this frictionless equilibrium is
AL A 0) = (1= %) (4= 8571 ) —c.
Recall by rearranging lower-cutoff indifference condition in Equation A4,

B— &5t = ¢SL(A — §5E1,

Therefore,
(1- ¢SL)(A _ 6SL—1) A SL-l ¢SL(A _ 6SL—1)
A SL-l_ (B_5SL—1)
=A - B =mec.
Hence,

A1, 85 A ¢) =me—c = (m - 1)e.

For any ¢ > 0, if m > 1, this deviation is strictly profitable. Therefore, a bid—ask spread wider than
one tick cannot be sustained in equilibrium. The equilibrium spread must bind at the minimum
feasible positive spread,

m"=1.

Evaluating the equilibrium at m* = 1 gives

and
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By symmetry,

¢SL,*_P*_Q_% ¢BL,*:5_P*_%
Pr—§+3 §— P+ 3

Finally, I take the limit as ¢ — 0*. The equilibrium bid and ask converge to the Walrasian price:

lim A" = lim B* = P*.

c—0* c—07*
The cutoff types converge to
P +¢
lim &7 = ——= lim 6572* = p*,
c—0* 2 c—0*
and -
. . P*+6
lim 6851 = p*, lim ¢8572* = :
c—0* c—0* 2

The limit-order execution probabilities converge to

lim ¢50* = lim ¢BL" = 1.

c—0* c—0*
Moreover,
¢St 2P -9)
= — > ,
dc ( PG )
dpBL 2(6 - P*
q; ___26-P)
c

2
5_ P* 3

Thus, both execution probabilities are strictly decreasing in ¢. Equivalently, as ¢ | 0, both ¢35
and ¢B%* monotonically increase toward 1 from below.

To verify the market-order execution probabilities in the limit, the order masses satisfy

NBM,* — NSM’* — k (P* _é _ C)

G-s\ 2 4

and

k P"—6 3¢
NSL,*:_ et =1
sl )

|
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Therefore,

B SL,*
liy " = iy min| T 1
P*=5
- T+
=min{ lim —= 1 =1
c—0 Pr=6 _c
2 4
By symmetry,
lim ¢5M* =1
c—0t
Therefore,

lim ¢5L* = lim ¢Bh* = g5 = pBM> = 1.
c—07* c—0*

To conclude, in the limit, every owner with 6 < P* sells the asset: types with 6 < P2+§ sell

through market orders, while types with @ < ¢ < P~ sell through limit orders. Similarly, every
non-owner with § > P* acquires the asset: types with P* < § < % buy through limit orders, while
types with 6 > % buy through market orders. Since all active orders execute with probability

one in the limit, the post-trade final allocation is

0, o< P*,
1, 6> P~

q'(6) =

Hence, the asset is ultimately held by agents with valuations above P*, which is exactly the Wal-
rasian allocation. Therefore, as ¢ — 0%, the frictionless central limit order book competitive equi-

librium converges to the Walrasian equilibrium.

Proof B.4 (Proof of Proposition 2). To begin with, notice that since ¢ > 0 and m > 1, the

equilibrium bid—ask spread satisfies
A—-B=cm>0.

Moreover, since 0 < ¢ < 1 and 0 < ¢BL < 1 by assumption, the execution probabilities
specified in Equation 3 immediately imply ¢Z¥ = 1, ¢5" = 1.

I now prove the proposition. I first prove the venue sorting for the owner side, then for the
non-owner side, and finally establish the cutoff ordering.

For an owner (g = 1), following Corollary 1, define the Stage-3 market-order cutoff 6™ by

R(5°M) = B.
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Since R(6) is strictly increasing (4 < 1 is a sufficient condition), conditional on not submitting a sell
limit order in Stage 1, the owner submits a sell market order in Stage 3 if § < §°™ and opts out of
the CLOB if ¢ > ¢™. Hence, V(1,6 | Not SL) represents the maximal attainable value following
the decision not to supply liquidity in Stage 1, taking into account the optimal subsequent choice

in Stage 3:

B+u(0,8), &< &M,
V(1,6 | Not SL) = max {B + u(0,6), u(1,6)} =
u(1,6), § > M,

with indifference at § = 65M.

The value from submitting a sell limit order in Stage 1 is
V(1,6 | SL) = ¢35 (A +u(0,6)) + (1 — ¢°5)u(1, ).

Define
73 (8) = V(1,6 | SL) = V(1,5 | Not SL).

Economically, 75%(6) is the profit from supplying liquidity through limit order relative to the max-
imal attainable value from not supplying liquidity and subsequently choosing optimally in Stage 3.
Thus, supplying liquidity is strictly optimal if and only if 757 (&) > 0. Substituting the expressions

above gives

¢5L(A +u(0,0)) + (1 — ¢3E)u(1,6) — (B +u(0,6)), &< sM,
ﬂ_SL(é-)

5L (A +u(0,0)) + (1 — ¢5D)u(1,6) — u(1,6), 5> 6M,

(1-¢5H)R(6) + ¢5LA - B, 6 <M,
(A7)

¢5L(A - R(9)), 5> &M,

The key is that 755(6) is increasing in the first region and decreasing in the second region. To

see this property, since R(&) is strictly increasing and 0 < ¢3L < 1, hence,

drst(s) |(1=¢*HR(6) >0, 6<&M,
s

—¢3LR'(6) < 0, 5> M,

That is, the profit from supplying liquidity 755 () is single-peaked in &, with its peak attained at
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5™ Moreover, 75L(6) is continuous at 65, since the two branches coincide at 65

oMy = ¢5L(A - B) > 0.

Therefore, within each of the two regions, 757 () satisfies a strict single-crossing property. The
assumed interiority of the cutoff types ensures the existence of a zero in each region, while strict
monotonicity of 75%(8) within each region ensures its uniqueness. Figure A10 illustrates these

properties of 755(6).

6SL_1 < 6SM

In the first region, the unique cutoft is determined by

) =0 = (1-¢"HR@E* ) +¢*A-B=0

B-¢5tA

SL-1y _

Since 751 (6) is strictly increasing in this region and crosses zero uniquely at 5-~!, it follows that
3E(8) <0 fors < §5F71, L) >0 fors5 <5 <5,
Thus, owners with § < §5-~! prefer the optimal Stage-3 alternative, a sell market order, whereas

owners with 6571 < § < 6™ prefer to supply liquidity through a sell limit order in Stage-1.

5SL—2 > 5SM

In the second region, the unique cutoff is determined by

ﬂ_SL(aSL—Z) =0 — ¢SL(A _ R(5$L—2)) =0
& R(5°F?%) = A.

Since m3L(8) is strictly decreasing in this region and crosses zero uniquely at 55272, it follows that
) >0 forssM <6 <6572, aSE(6) <0 fors > 65172

Thus, owners with 63" < 6§ < §5L=2 prefer to supply liquidity through a sell limit order in Stage-1,
whereas owners with ¢ > 85172 prefer the optimal Stage-3 alternative, which is to opt out.

Combining the two regions,
5§ <8 —  Sell Market,

S <5 <6582 —  Sell Limit,

§>6%L2% = OptOut CLOB.
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At § = 65L71 the owner is indifferent between Sell Market and Sell Limit, and at § = 65572, the

owner is indifferent between Sell Limit and Opt Out.

ﬂ.SL(é)

¢t (A - B)

0

Figure A10: An Illustration of the Properties of the Profit Function 75 (&)

For a non-owner (g = 0), following Corollary 1, define the Stage-3 market-order cutoff 63¥ by
R(83M) = A.

Since R(0) is strictly increasing, conditional on not submitting a buy limit order in Stage 1, the
non-owner opts out of the CLOB if § < 2™ and submits a buy market order in Stage 3 if 6 > 6%M.
Hence, V(0,6 | Not BL) represents the maximal attainable value following the decision not to

supply liquidity in Stage 1, taking into account the optimal subsequent choice in Stage 3:

u(0,6), § < oBM,
V(0,6 | Not BL) = max {u(0, ), u(1,6) — A} =
u(1,6) — A, &> 68,

with indifference at 6 = §5M

The value from submitting a buy limit order in Stage 1 is
V(0,6 | BL) = ¢®L(u(1,6) - B) + (1 — ¢®5)u(0,6).

Define
B (8) = V(0,6 | BL) — V(0,6 | Not BL).

Economically, 78 () is the profit from supplying liquidity through a limit order relative to the max-
imal attainable value from not supplying liquidity and subsequently choosing optimally in Stage 3.

Thus, supplying liquidity is strictly optimal if and only if 78%(8) > 0. Substituting the expressions
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above gives

@Bl (u(1,6) — B) + (1 = ¢BL)u(0,6) — u(0,9), 5 < oBM,
ﬂ'BL(é) —
¢BL(u(1,0) — B) + (1 — ¢BL)u(0,6) — (u(1,6) — A), & > 63M,

¢BL(R(5) — B), 5 < 6BM,
= (A8)
A—¢BLB — (1 — ¢PLYR(5), & > 6BM.

The key is that 780(8) is increasing in the first region and decreasing in the second region. To

see this property, since R(0) is strictly increasing and 0 < ¢~ < 1, I have

dnBL(s) #PLR'(6) > 0, 5 < 68M,
o “(1= ¢PLYR'(5) <0, &> 6BM.

That is, the profit from supplying liquidity 78% () is single-peaked in &, with its peak attained at

68M  Moreover, 78L(6) is continuous at 6% since the two branches coincide at §5M:

nBE(§BMY = pBL(A - B) > 0.

Therefore, within each of the two regions, 78 () satisfies a strict single-crossing property. The
assumed interiority of the cutoff types ensures the existence of a zero in each region, while strict
monotonicity of 78%(8) within each region ensures its uniqueness.

6BL_1 < 6BM

In the first region, the unique cutoff is determined by

& R(s81 = B.

Since 8L () is strictly increasing in this region and crosses zero uniquely at 52271 it follows that

7BE(5) <0 fors < 68171, 7BE(5) >0 for 6B <5 < 68,

Thus, non-owners with § < ¢8L-1

6BL_]

prefer the optimal Stage-3 alternative, which is to opt out,
whereas non-owners with < 6 < 63M prefer to supply liquidity through a buy limit order in

Stage 1.
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In the second region, the unique cutoff 6322 > §8M is determined by

ﬂ_BL(aBL—Z) —0) — A- ¢BLB _ (1 _ ¢BL)R(5BL—2) =0
A - ¢PLB

& R(687%) = = B

Since 7B () is strictly decreasing in this region and crosses zero uniquely at 65272, it follows that
7BL(s) >0 foroBM <5 <682, BL(5) <0 fors > 6872

Thus, non-owners with 2" < ¢ < 68572 prefer to supply liquidity through a buy limit order in
Stage 1, whereas non-owners with § > 652~2 prefer the optimal Stage-3 alternative, a buy market
order.

Combining the two regions,
§ <681« Opt Out CLOB,

681 <5 <682 = BuyLimit,
6>687? = Buy Market.

At 6 = 68L7! the non-owner is indifferent between Opt Out and Buy Limit, and at § = 5BL=2 the
non-owner is indifferent between Buy Limit and Buy Market.
It remains to establish the ordering of the four cutoff types. From the cutoff indifference condi-

tions derived above,

1. B-¢tA _
RE N =T RE™TH =8,
and L
_ . A-¢BLB
R =4 RO =T 5
Since A > B, 0 < ¢3 < 1,and 0 < ¢BL < 1, I have
B-¢*A B-¢'B
R(65L1) = ¢ ¢ — B = R(sPLY),

1_¢SL < 1_¢SL

R(8%" =B < A = R(8572),

A-¢BA  A-¢PtB
1_¢BL < 1_¢BL

R(6SL_2) — A= — R(6BL_2).
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Therefore,
R(S5F Y < R(6BL71) < R(6%72) < R(6B172),

Since R(9) is strictly increasing in ¢, it follows that

6SL_1 < 5BL—1 < 5SL—2 < 5BL—2

Proof B.5 (Proof of Proposition 3). Following Corollary 2, the one-shot deviations in the bench-

mark case are

A(1,6) = (1= ¢ (A= R ) -,
A0, 5857%) = (1 - ¢BL) (R(6BL7%) - B) - c.

From Proposition 2, the corresponding cutoft conditions are

_ B — ¢SLA _ A— ¢BLB
SL-1y _ BL-2y _
RO =T RO =G5
Substituting the first cutoff condition gives
~ B—¢SLA
AL = (1-¢™) (A - W) ¢
A-B
= (1-¢") (1 _¢SL) —c
=A-B-c.

Similarly, substituting the second cutoff condition gives

_ +BL
A0, 68572y = (1 - ¢Bh) (w - B) -c

1_¢BL

A-B
:(1_¢BL)(1—¢BL)_C
=A-B-c.

Let the bid—ask spread be measured by m ticks of size c,i.e., A— B = mc, wherem € {1,2,3,...}.
Therefore,
A1, 855N = A0, 652 = me — ¢ = (m — 1)e.

Hence, for any ¢ > 0, when m > 1, both one-shot deviations are strictly profitable, so such a spread

cannot be sustained in equilibrium. Only when m = 1 is the gain from either deviation equal to
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zero. That is, the bid—ask spread binds at the minimum feasible positive spread of one tick.

Proof B.6 (Proof of Proposition 4). When 4 = 0, there is no OTC trading, so the continuation
values are
u(l,0,s) =6 + ¢, u(0,0,s) =0.

Hence, the reservation value of the asset is
R(6,s) =u(1,6,s) —u(0,0,s) =06 + €.
The market-order decision rules in Corollary 1 therefore become
151(6,5) = 1{B > 6 + &}, 1m(6,5) = 1{A < 6 + &}.

Importantly, the ask A and bid B are determined ex ante, before the aggregate state is realized,
and are therefore state-invariant. Thus, conditional on the ex-ante equilibrium quotes (A, B), the
aggregate state affects the market-order decision only through the state-contingent valuation 6 + €;.
Since e = —a and €, = +a, with @ > 0, the negative state shifts every agent’s valuation downward
relative to the positive state.

Consider first sell market orders. Define the sets of types that optimally submit sell market

orders in the two states as
DM=(5:B>6-a}, DM={6:B>6+a}.
For any type 0,
B>0+a — B>d-«.

Therefore,
DM c DM
LS D

That is, every type who finds it optimal to submit a sell market order in the positive state also
finds it optimal to submit a sell market order in the negative state, while some additional types
may sell by market order only in the negative state (i.e., informed market orders). Equivalently, the

corresponding decision rules satisfy, for every 9,
Lsy(6,-) = 1{6 € DM} > 1{6 € DM} = 15p (5, +).

Moreover, the Stage-1 sell-limit-order decision 1s;(6) is made before the aggregate state is

realized and is therefore state-invariant. Hence, the set of agents available to submit sell market
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orders,
{0 : 15..(0) = 0},

is the same in both states. It follows that
5
NS = [ = 500 w0,k (0) o
[

5

2/ (1 = 1s2.(6)Lspm (8, +)k f(6) db
)

= NSM,

Therefore,
NSM > NSM

The following Figure A11 illustrates the key idea of the proof. It also shows where 65 comes

from, which appears in Figure 7 and Figure 8. It corresponds to the state-contingent counterpart of
5™ plotted in Figure A10 for the no-risk case.

Value
4 R(6,4+) =6+«
R(6,-)=0-«a

| DSM\ DS |

» Type o
OSM=B-a &Y =B+a

Figure A11: An Illustration of Sell Market Decisions Across Aggregate States

Consider next buy market orders. Define the sets of types that optimally submit buy market

orders in the two states as
DM =(5:A<6-a), DfME{6:A<6+a/}.

For any type 0,
A<d—-a = A<d+a.
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Therefore,

DEM ¢ pBM.

That is, every type who finds it optimal to submit a buy market order in the negative state also finds
it optimal to submit a buy market order in the positive state, while some additional types may buy
by market order only in the positive state. Equivalently, the corresponding decision rules satisfy,
for every 0,

131 (6,+) = 1{6 € DM} > 1{6 € DM} = 134, (65, -).

Moreover, the Stage-1 buy-limit-order decision 157 (6) is made before the aggregate state is
realized and is therefore state-invariant. Hence, the set of agents available to submit buy market
orders,

{6 : 1.(6) = 0},

is the same in both states. It follows that
o
N = [0 = 1) (5.1 = 07 (0) do
]

)
> / (1= 152(6)) Lgas (8. ) (1 — k) £(6) 5
3

= N5M.

Therefore,
NBM 5 NBM
=2 NZT.

I now consider the corresponding limit-order execution probabilities. For sell limit orders
posted at the ask A, the CLOB matching rule gives

NBM
SL _ . s
oy —mln{NSL,l}.

Since N5T is determined at the limit-order stage before the aggregate state is realized, it is state-
invariant. Together with N3™ > NBM this implies

¢3F = min ﬂ 1
+ 7 NSL’

NEM
> min {W, 1}

= ¢5L.
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Hence,
SL SL
¢ = P

For buy limit orders posted at the bid B, the CLOB matching rule gives

NSM
BL :min{ 5 1}.
N

s BL’

Since N3 is also determined before the aggregate state is realized and is therefore state-invariant,
together with NS™ > N3M this implies

Hence,
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C Appendix: Numerical Methods

Gain from Deviation A
The gain from deviation A, defined in Corollary 2, pins down the equilibrium bid—ask spread.

Here, in Figures A12 and A 13, I plot how the gain from deviation increases with the bid—ask spread,
illustrating the economic forces behind undercutting and overbidding the quotes.

1.0 4

0.8 1

0.6 q

0.4

Gain from Deviation (A)

0.2

0.0 No Profitable Deviation (A= 0)

1 2 3 a 5 6
Bid-Ask Spread in Number of Ticks (#)

—e— Undercutting Gain A(1,6°"%;A,c) =@~ Overbidding Gain A(0,6%~?;B, ¢)

Figure A12: Benchmark Case (o = 0): Gain From Deviation, A Numerical Example

Note: This is the partial equilibrium of the numerical example presented in Figure 5. Parameters: tick-size ¢ = 0.2,
shock size @ = 0, bargaining power 6 = 0.5, search efficiency A = 0.5, type f(6) ~ U[99, 101], initial joint distribution
u(qg =1,6) = kf(5), asset supply k = 0.5.

1.0+

o
©

0.6 q

0.4

Gain from Deviation (A)

o
N

No Profitable Deviation (A= 0)
0.0

Bid-Ask Spread (in Number of Ticks, 472)

—e— Undercutting Gain A(1,6°"1;A,c)  -@~ Overbidding Gain A(0, 68~ ?; B, c)

Figure A13: General Case (@ > 0): Gain From Deviation, A Numerical Example

Note: This is the partial equilibrium of the numerical example presented in Figure 7. Parameters: tick-size ¢ = 0.2,
shock size @ = 0.3, bargaining power 8 = 0.5, search efficiency 4 = 0.5, type f(5) ~ U[99, 101], initial joint
distribution u(g = 1,6) = kf (), asset supply k = 0.5.
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Grid Search for the Optimal Tick Size

Figure A 14 illustrates the numerical method used to solve for the optimal tick size for an ar-
bitrarily chosen shock size, @ = 0.3. Specifically, I perform a grid search over possible values of
c and select the value that maximizes allocative efficiency. Each dot in the figure represents one
grid point. The dashed vertical line indicates the optimal tick size for @ = 0.3, corresponding to

the optimal tick size reported in Figure 9.

T
-~- Optimal Tick Size
85 i

Allocative Efficiency (pp)

0.0 0.2 0.4 0.6 0.8 1.0
Tick Size (c)

Figure A14: A Numerical Example Illustrating the Grid Search for the Optimal Tick Size (@ = 0.3)
Parameters: shock size @ = 0.3, search efficiency A = 0.5, bargaining power 8 = 0.5, type f(6) ~ U[99, 101], initial
joint distribution u(q = 1,6) = kf(8), asset supply k = 0.5.

Figure A15 shows a numerical example of the efficiency loss due to misspecification of the
tick size. In this figure, the blue dots represent allocative efficiency when the tick size is set at
the optimal level for a given «, which is identical to the bottom panel of Figure 9. The black line
represents allocative efficiency calculated using the same risk level @ but with an arbitrary fixed
tick size, ¢ = 0.25. This tick size is optimal only when the risk level happens to be @ = 0.24. Only
at this particular value of @ does allocative efficiency under the fixed tick size coincide with the
optimal one. For all other values of «, allocative efficiency under the fixed tick size is strictly lower
than under the optimal tick size, and the gap between the two is the efficiency loss due to tick-size
misspecification. The farther the risk level is from the specific value @ = 0.24, the more biased the

fixed tick size becomes and the larger the resulting efficiency loss.

100

Allocative Efficiency (pp)

0.00 0.05 0.10 0.15 0.20 0.25 030 035 0.40
Shock Size (a)

—— Allocative Efficiency under Fixed Tick Size (c=0.25) @ Allocative Efficiency under Optimal Tick Size Efficiency Loss

Figure A15: Efficiency Loss from Tick Size Mis-specification
Parameters: search efficiency 4 = 0.5, bargaining power 6 = 0.5, type f(6) ~ U[99, 101], initial joint distribution
u(g =1,6) = kf(5), asset supply k = 0.5.
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Parameter Identification The following figure and table discuss the parameter identification.

OTC share
Vorc/(Veros + Vorc)

OTC price dispersion
SD(PCTC — p*)

(share of OTC trade)

OTC price skewness

Order-book asymmetry
|og(NSL/NBL)

Search efficiency A
1.0 -

0.8
0.6
0.4

0.2

Type std. dev. o

Bargaining power 6
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1.0 1
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1.5 1

1.0 1
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—-1.5

0.00 0.25 0.50 0.75
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1 2
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B=p°C=<A

3 000 025 050 0.75
Bargaining power 6

mm pCTC>A

T T
10001 03 05 07 09
Asset supply k

Figure A16: Numerical Comparative Statics for Parameter Identification

Parameters: tick size ¢ = 1, type distribution f(8) ~ N(100,c?), and initial joint distribution p(g = 1,8) = kf(9).
Each column presents comparative statics of the four moments used for estimation with respect to one specific param-

eter, holding all other parameter values fixed at their baseline levels. The baseline values in this numerical example are

k=0.5,0=0.5 0 =1,and A = 0.5, which are also indicated by the corresponding dashed vertical line.

Because the estimates in Table 3 imply a nearly symmetric equilibrium (k ~ 0.5, 8 =~ 0.5),

Table A1 reports the sign pattern of the Jacobian of the moments with respect to the parameters at
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Table Al: Sign Pattern of Moment Responses at the Symmetric Equilibrium

Moment A o 0 k
Mi: OTC market share Vorc/(Veros + Vorce) + - =0 0
M>: OTC price dispersion SD (p°T¢ — p*) + + =0 =0
M3: OTC price skewness Pr(p®7¢ > A) = Pr(p°"™©<B) 0 0 + +
M,: Limit order book asymmetry NS&/NBL 0 0 - +

Notes: Signs of dM;/0I'; evaluated at k = 6§ = 1 = 0.5 and o = 1, corresponding to the baseline symmetric
equilibrium. Zeros in the lower-left block hold exactly. Entries ~ 0 in the upper-right block hold locally around the
symmetric equilibrium parameter configuration, except for M, /dk, which has a kink at k = 0.5.

a symmetric baseline. At this baseline the Jacobian is block-diagonal. The first two moments, the

OTC share and OTC price dispersion, respond locally only to A and o; the last two moments, the

skew imbalance and order-book asymmetry, respond only to 6 and k. Within each block, the two

parameters move the moments in distinct directions: A and o both raise dispersion but move the

OTC share in opposite directions, while 8 and k both raise the skew imbalance but move the order

book in opposite directions. Both 2 x 2 blocks therefore have strictly positive determinants, and the

parameters are locally identified.
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D Appendix: Estimation Results

Table A2: 5-Year Treasury: Benchmark Model without Risk: Parameter Estimates and Model Fit

Panel A. Targeted Moments Data Model
OTC market share 0.2058  0.2058
OTC price dispersion 0.0049  0.0049
OTC price skewness -0.0004 -0.0004
Limit order book asymmetry 1.0245 1.0245
Panel B. Estimated Parameters Symbol  Value

Search efficiency in OTC A 0.8042
Type standard deviation o 0.0141

Bargaining power in OTC 0 0.4992
Asset supply k 0.5071

Panel C. Non-targeted Moment Data Model

Sell limit order execution probability  12.13% 43.17%
Buy limit order execution probability 12.00% 42.85%

Panel D. Welfare Analysis

Allocative efficiency 85.00%

Notes: Panel A compares the empirical moments with the model predicted moments. Panel B reports the estimated
parameter values. Panel C reports the non-targeted moment as test of model fitness. Panel D reports the model-implied
allocative efficiency at the estimated parameter values. The minimized criterion value Q (I'genchmark) = O-

0.40

0.30

Share of Trade Count
g

0.00 — = - % A ]
[min,-1) -1 (-1,0) 0 (0,0.25] (0.25,0.5] (0.5,0.75] (0.75,1) 1 1,2) 2 (2,max]
Transaction Price: Deviation from Best Bid (in Ticks)

@ Central Limit Order Book (CLOB) [Z2 Over-the-Counter (OTC)

Figure A17: 5-Year Treasury: Distribution of Transaction Prices Relative to the Best Bid: CLOB
versus OTC
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Table A3: 2-Year Treasury: Benchmark Model without Risk: Parameter Estimates and Model Fit

Panel A. Targeted Moments Data Model
OTC market share 0.1741  0.1170
OTC price dispersion 0.0105  0.0048
OTC price skewness 0.2178  0.2093
Limit order book asymmetry 1.0276  0.8381
Panel B. Estimated Parameters Symbol  Value
Search efficiency in OTC A 1.0000
Type standard deviation o 0.0139
Bargaining power in OTC 6 0.5636
Asset supply k 0.5443
Panel C. Non-targeted Moment Data Model

Sell limit order execution probability 11.96%  58.09%
Buy limit order execution probability 11.95% 67.89%

Panel D. Welfare Analysis

Allocative efficiency 92.21%

Notes: Panel A compares the empirical moments with the model predicted moments. Panel B reports the estimated
parameter values. Panel C reports the non-targeted moment as test of model fitness. Panel D reports the model-implied
allocative efficiency at the estimated parameter values. The minimized criterion value Q(fBenchmark) = 0.432. The
model’s imperfect fit across the four targeted moments is primarily driven by the second moment, OTC price dispersion,
which accounts for 67% of the minimized objective function (0.289 out of Q = 0.432). Figure A 18 illustrates the source
of this discrepancy. OTC transaction prices are widely and asymmetrically dispersed: a very large fraction of OTC
trades execute at prices more than one tick above the best ask, generating a very long right tail extending well beyond
the quoted bid—ask spread. The model cannot fully reproduce this degree of price dispersion and asymmetry, resulting
in a relatively poor fit for the second moment.

Share of Trade Count
e o o e o e o
o o N N @ w s
S G S & & & 8

o
o
&

14
o
S

[min,-1) -1 (-1,0) 0 (0,0.25] (0.25,0.5] (0.5,0.75] (0.75,1) 1 1,2) 2 (2,max]
Transaction Price: Deviation from Best Bid (in Ticks)

B Central Limit Order Book (CLOB) [Z2 Over-the-Counter (OTC)

Figure A18: 2-Year Treasury: Distribution of Transaction Prices Relative to the Best Bid: CLOB
versus OTC
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